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Abstract

The hypercube-like networks are a class of important generalization of
the popular hypercube interconnection networks for parallel computing. This
paper is concerned with the fault-tolerant cycle embedding ability of a sub-
class of hypercube-like networks, called restricted hypercube-like networks
(RHLNs, for short), which include most of the well-known hypercube vari-
ants, such as the twisted cubes, the crossed cubes, the locally twisted cubes,
and the Möbius cubes. We show that for n ≥ 5 and f ≤ 2n− 7, a fault-free
cycle of length at least 2n−f− (n−5) can be embedded in an n-dimensional
RHLN with f faulty nodes. Our work extends the previous known result in
the sense of maximum number of faulty nodes tolerable in an RHLN.
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1. Introduction

The interconnection network provides an effective mechanism for ex-
changing data between processors in a parallel computing system. An inter-
connection network is often represented as a graph, where nodes and edges
correspond processors and communication links between processors, respec-
tively.

In the design and analysis of an interconnection network, its graph em-
bedding ability is a major concern. An ideal interconnection network (host
graph) is expected to possess excellent graph embedding ability, which helps

∗Corresponding author
Email address: dongq@cqu.edu.cn (Qiang Dong)

Preprint submitted to Journal of Information Science and Engineering November 1, 2010



efficiently execute parallel algorithms with regular task graphs (guest graphs)
on this network. Cycles are recognized as important guest graphs because a
great number of parallel algorithms, such as Matrix-vector multiplication,
Gaussian elimination and bitonic sorting, have been developed on cycle-
structured task graphs [9].

As the size of a parallel computing system increases, it becomes much
likely that there exist faulty processors and faulty communication links in
such a system. Consequently, the graph-embedding ability of an intercon-
nection network should be studied in the situation where faulty elements
arise.

The hypercube-like networks are a class of important generalization of
the popular hypercube networks for parallel computing [14], and has received
considerable research attention [1, 5, 6, 8, 13, 15, 16]. Park et al. [11] in-
troduced a subclass of hypercube-like networks, called restricted hypercube-
like networks (RHLNs, for short), which includes most of the well-known
hypercube variants, such as the twisted cube [7], the crossed cube [4], the
locally twisted cube [17], and the möbius cube [2]. Park and Chwa [10]
showed that all the hypercube-like networks are hamiltonian-connected or
hamiltonian-laceable, and bipancyclic. Park et al. [11] also found that an
n-dimensional (n-D, for short) RHLN is (n−2)-fault hamiltonian and (n−3)-
fault hamiltonian-connected. To our knowledge, no result has been reported
on fault-tolerant embedding cycles in RHLNs with more faulty nodes than
the node-degree of the networks.

This paper is concerned with the fault-tolerant cycle embedding ability
of RHLNs. We show that a fault-free cycle of length at least 2n− f − (n− 5)
can be embedded in an n-D RHLN with f faulty nodes, where n ≥ 5 and
f ≤ 2n − 7. Compared to [11], we improve the maximum number of faulty
nodes tolerable in an RHLN.

The rest of this paper is organized as follows. Section 2 gives definitions
and other preliminaries. Section 3 establishes the main result. Section 4
concludes the paper.

2. Definitions and preliminaries

For our purpose, an interconnection network is represented by a graph,
where nodes and edges represent processors and communication links be-
tween processors, respectively. The node set and edge set of a graph G are
denoted by V (G) and E(G), respectively. A hamiltonian cycle (respectively,
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Figure 1: 3-D RHLN Figure 2: 4-D crossed cube

Figure 3: 4-D 0-Möbius cube Figure 4: 4-D locally twisted cube

a hamiltonian path) in a graph is a cycle (respectively, a path) that passes ev-
ery node of the graph exactly once. For other basic graph-theoretic notations
and terminology, the reader is referred to Ref. [3].

Definition 2.1. [11] For n ≥ 3, an n-dimensional restricted hypercube-like
network (n-D RHLN, for short), is a graph defined recursively as follows.

(1) a 1-D RHLN is isomorphic to the graph depicted in Figure 1.

(2) For n ≥ 4, an n-RHLN is a graph G obtained from two node-disjoint
(n− 1)-D RHLNs, G0 and G1, in this way:

V (G) = V (G0)
⋃

V (G1),
E(G) = E(G0)

⋃
E(G1)

⋃ {(
u, φ(u)

)
: u ∈ V (G0)

}
,

where φ : V (G0) → V (G1) is a bijective mapping. In what follows, we
will denote this graph G as G = G0⊕G1. An edge of the form (u, φ(u))
is called a bridge edge, and u and φ(u) are called counterparts of each
other. Figures 2-4 plot three typical 4-D RHLNs.

Clearly, there exist 2n nodes, n2n−1 edges, and 2n−1 bridge edges in an
n-D RHLN. In this paper, we assume that only nodes become faulty in an
RHLN. The following properties of the restricted HL-graph will be useful in
this paper.
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Lemma 2.1. [11] For n ≥ 3, there exists a fault-free hamiltonian cycle in
an n-D RHLN with f ≤ n − 2 faulty nodes, and there exists a fault-free
hamiltonian path between any pair of fault-free nodes in an n-D RHLN with
f ≤ n− 3 faulty nodes.

Lemma 2.2. [12] For any two distinct pairs of nodes (x1, x2) and (y1, y2) in
an n-D RHLN G, n ≥ 4, there exist two disjoint paths P1 and P2 satisfying
that (1) P joins x1 to y1 and P2 joins x2 to y2, and (2) V (P1

⋃
P2) = V (G).

3. Main result

This section deals with the fault-free cycle embedding in RHLNs with
faulty nodes. The main result of this paper is formulated as follows.

Theorem 3.1. For n ≥ 5 and f ≤ 2n − 7, a fault-free cycle of length at
least 2n− f − (n− 5) can be embedded in an n-D RHLN with f faulty nodes.

Proof. We argue by induction on n. By Lemma 2.1, the assertion holds for
n = 5. Suppose the assertion is true for n = k (k ≥ 5). Now, we consider an
(k+1)-D RHLN G with f ≤ 2k−5 faulty nodes. Let G = G0⊕G1, where G0

and G1 are two disjoint k-D RHLNs, and let f0 and f1 denote the numbers
of faulty nodes in G0 and G1, respectively. Without loss of generality, we
may assume that f0 ≥ f1. Next we will construct a fault-free cycle of length
at least 2k+1 − f − (k − 4) in G.

Case 1. f0 ≤ k − 3 (see Figure 5).
Obviously, f1 ≤ f0 ≤ k − 3. Since there exist 2k > 2k − 5 ≥ f bridge

edges between G0 and G1, we can find two distinct bridge edges (x0, x1) and
(y0, y1) whose end nodes are all fault-free. According to Lemma 2.1, there
exists a fault-free hamiltonian path P0 between x0 and y0 in G0, and there
exists a fault-free hamiltonian path P1 between x1 and y1 in G1. Hence,
〈x0, P0, y0, y1, P1, x1, x0〉 forms a fault-free hamiltonian cycle in G, whose
length is 2k+1 − f ≥ 2k+1 − f − (k − 4).

Case 2. k − 2 ≤ f0 ≤ 2k − 7 (see Figure 6).
According to the inductive hypothesis, G0 admits a fault-free cycle C0

of length at least 2k − f0 − (k − 5). We claim that we can find an edge
(x0, y0) on C0, such that the counterparts of x0 and y0, say x1 and y1, are
both fault-free nodes. The existence of such an edge is due to the fact that
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Figure 5: The fault-free cycle in Case 1
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Figure 6: The fault-free cycle in Case 2 and
Case 3.1

there are 2k−f0− (k−5) candidate edges on C0, and there are f ≤ 2k−5 <⌈(
2k − f0− (k− 5)

)
/2

⌉
faulty nodes, each of which can ”block” at most two

candidates. We may write C0 as 〈x0, P0, y0, x0〉.
Note that f1 = f − f0 ≤ k − 3. By Lemma 2.1, there exists a fault-free

hamiltonian path P1 between x1 and y1 in G1. Thus, 〈x0, P0, y0, y1, P1, x1, x0〉
forms a fault-free cycle of length at least 2k+1−f−(k−5) ≥ 2k+1−f−(k−4)
in G.

Case 3. f0 = 2k − 6.
Imagine one arbitrary faulty node z in G0 to be fault-free. Then according

to the inductive hypothesis, there exists a fault-free cycle C0 of length at least
2k − (f0 − 1)− (k − 5) in G0.

Case 3.1. z is not incident to C0.
The proof of this case is similar to that of Case 2 (see Figure 6).

Case 3.2. z is incident to C0.
Let the two neighbor nodes of z on C0 be x0 and y0, and let the counter-

parts of x0 and y0 in G1 be x1 and y1.

Case 3.2.1. x1 and y1 are both fault-free nodes.
We may write C0 as 〈x0, z, y0, P0, x0〉. Clearly, the length of path P0 is

l0 ≥ 2k−(f0−1)−(k−5)−2. Note that f1 ≤ f−f0 ≤ 1 ≤ k−3. By Lemma
2.1, there exists a fault-free path P1 of length l1 = 2k−f1−1 between x1 and
y1 in G1. Hence, 〈x0, P0, y0, y1, P1, x1, x0〉 forms a fault-free cycle of length
l = l0 + l1 + 2 ≥ 2k+1− f − (k− 5) ≥ 2k+1− f − (k− 4) in G (see Figure 7).

Case 3.2.2. Either x1 or y1 is a faulty node.
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Figure 7: The fault-free cycle in Case 3.2.1
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Figure 8: The fault-free cycle in Case 3.2.2

Without loss of generality, we may assume that x1 is a faulty node.
Let the other neighbor of x0 on C0 (excluding the faulty node z) be w0.
Clearly, the counterpart w1 of w0 must be fault-free. We may write C0 as
〈w0, x0, z, y0, P0, w0〉. Then the length of path P0 is l0 ≥ 2k − (f0− 1)− (k−
5)− 3.

By Lemma 2.1, there exists a fault-free path P1 of length l1 = 2k− f1− 1
between w1 and y1 in G1. Therefore, 〈w0, P0, y0, y1, P1, w1, w0〉 forms a fault-
free cycle of length l = l0 + l1 + 2 ≥ 2k+1 − f − (k − 4) in G (see Figure
8).

Case 4. f0 = 2k − 5.
Imagine two arbitrary faulty nodes z and w in G0 to be fault-free. Then

according to the inductive hypothesis, there exists a fault-free cycle C0 of
length at least 2k− (f0−2)− (k−5) in G0. If either z or w is not incident to
C0, the proof is similar to that of Case 1-3. Next we consider the situation
that both z and w are incident to C0. We use dC0(z, w) to denote the shorter
distance traversing from z to w along C0.

Case 4.1. dC0(z, w) = 1 (see Figure 9).
We may write C0 as 〈x0, w, z, y0, P0, x0〉. Then the length of path P0 is

l0 ≥ 2k − (f0 − 2)− (k − 5)− 3. Let the counterparts of x0 and y0 in G1 be
x1 and y1. Since f1 = 0, x1 and y1 are obviously fault-free nodes.

By Lemma 2.1, there exists a fault-free path P1 of length l1 = 2k − 1
between x1 and y1 in G1. Hence, 〈x0, P0, y0, y1, P1, x1, x0〉 forms a fault-free
cycle of length l = l0 + l1 + 2 ≥ 2k+1− f − (k− 5) ≥ 2k+1− f − (k− 4) in G.

Case 4.2. dC0(z, w) = 2 (see Figure 10).
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Figure 9: The fault-free cycle in Case 4.1
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Figure 10: The fault-free cycle in Case 4.2

We may write C0 as 〈x0, z, u, w, y0, P0, x0〉. Then the length of path P0 is
l0 ≥ 2k − (f0 − 2)− (k − 5)− 4. Let the counterparts of x0 and y0 in G1 be
x1 and y1. Since f1 = 0, x1 and y1 are obviously fault-free nodes.

By Lemma 2.1, there exists a fault-free path P1 of length l1 = 2k − 1
between x1 and y1 in G1. Hence, 〈x0, P0, y0, y1, P1, x1, x0〉 forms a fault-free
cycle of length l = l0 + l1 + 2 ≥ 2k+1 − f − (k − 4) in G.

Case 4.3 dC0(z, w) ≥ 3 (see Figure 11).
We may write C0 as 〈x0, z, y0, P01, u0, w, v0, P02, x0〉. Let the lengths of

paths P01 and P02 be l01 and l02, then l01 + l02 ≥ 2k − (f0 − 2)− (k − 5)− 4.
Let the counterparts of x0, y0, u0 and v0 in G1 be x1, y1, u1 and v1. Since

f1 = 0, x1, y1, u1 and v1 are obviously fault-free nodes. By Lemma 2.2, there
exist two disjoint paths P11 and P12 satisfying that (1) P11 joins x1 to y1 and
P12 joins u1 to v1, and (2) V (P11

⋃
P12) = V (G1). Let the lengths of paths

P11 and P12 be l11 and l12, then l11 + l12 = 2k − 2.
Therefore, 〈x0, x1, P11, y1, y0, P01, u0, u1, P12, v1, v0, P02, x0〉 forms a fault-

free cycle of length l = l01 + l02 + l11 + l12 + 4 ≥ 2k+1 − f − (k − 5) ≥
2k+1 − f − (k − 4) in G.

The inductive proof of this theorem is complete.

4. Conclusions

In this paper, we proved that a fault-free cycle of length at least 2n −
f − (n − 5) can be embedded in an n-dimensional restricted hypercube-like
network with f faulty nodes, where n ≥ 5 and f ≤ 2n− 7. As compared to
[11], this paper increases the maximum number of tolerable faulty nodes from

7



x0

C0

x1

v1

P11

w

z
y0

u0

v0 P12

u1
y1

G0 G1

Figure 11: The fault-free cycle in Case 4.3

n − 2 to 2n − 7. Our work shows that cycle-structured parallel algorithms
can be efficiently executed in restricted hypercube-like networks with faulty
nodes. Our next work is to study the cycle embedding ability of the restricted
hypercube-like network with quadratic number of faulty nodes.
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