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Abstract

The k-ary n-cube is one of the most popular interconnection networks for
parallel computing. This paper addresses the size of a largest connected
component of a faulty k-ary n-cube. We prove that, in a k-ary n-cube (k ≥ 4
and n ≥ 2) with up to 4n − 2 faulty vertices, all fault-free vertices but at
most two form a connected component. Moreover, this assertion holds if and
only if the set of all faulty vertices is equal to the neighborhood of a pair of
fault-free adjacent vertices.
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1. Introduction

The performance of a parallel computing system heavily depends on the
effectiveness of the underlying interconnection network. When evaluating
an interconnection network, one major concern is its fault-tolerant ability,
that is, its ability to exchange data between processors in the presence of
faulty elements [13]. The vertex connectivity of an interconnection network
is perhaps the most popular measure of its fault-tolerant ability.

If the number of faulty vertices in an interconnection network is greater
than the vertex connectivity, then the network may be disconnected. Hence,
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in order to make a full evaluation of an interconnection network, it is essen-
tial to estimate the minimum size of a largest connected component of this
faulty network. Usually, if the surviving network contains a large connected
component, it may be used as the functional subsystem at the cost of graceful
performance degradation [8]. In this context, the minimum size of a largest
connected component in a faulty interconnection network can be regarded
as a measure of fault tolerance of the network, which provides a complement
to the vertex connectivity measure. In the past few years, several results on
the minimum size of a largest connected component were presented for faulty
hypercubes and faulty star graphs [19, 20, 21, 22]. And it was reported that
the theoretical results for faulty hypercubes play an important role in the
system-level diagnosis of hypercube networks [23].

Due to some desirable properties such as ease of implementation and abil-
ity to reduce message latency, the k-ary n-cube, denoted by Qk

n, is regarded
as one of the most important interconnection networks for parallel comput-
ing [9, 10, 14], and its fault-tolerant ability has received considerable research
attention [1, 2, 3, 5, 7, 12, 15, 16, 17, 18]. Up to date, as far as we know, no
result has been reported on the estimation of the size of a largest connected
component in a faulty k-ary n-cube.

Motivated by the afore-mentioned comments, this article is concerned
with the minimum size of a largest connected component in a faulty k-ary
n-cube. We prove that, in a k-ary n-cube (k ≥ 4 and n ≥ 2) with up to
4n−2 faulty vertices, all fault-free vertices but at most two form a connected
component. Moreover, this assertion holds if and only if the set of all faulty
vertices is equal to the neighborhood of a pair of fault-free adjacent vertices.

These results show that the k-ary n-cube exhibits excellent fault-tolerant
ability, in the sense that there exists a large functional network even if the
faulty elements break the connectedness of the network.

The rest of this paper is organized as follows. Section 2 gives definitions
and notations. Section 3 presents the main results of the paper. Section 4
concludes the paper.

2. Preliminaries

For our purpose, an interconnection network is represented by a graph
G = (V (G), E(G)), where vertices and edges represent processors and com-
munication links between processors, respectively. For basic graph-theoretical
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terminology, the reader is referred to [6]. Two edges of a graph are indepen-
dent if they do not share a common endpoint. Let mc(G) denote the size of
a largest connected component of graph G. For a vertex subset S of graph
G(V, E), let NG(S) denote the neighborhood of S, which is defined as

NG(S) = {u ∈ V − S: u is adjacent to some vertex in S}.
For a vertex subset S of graph G(V, E), let G − S denote the graph

formed by removing S from G. A vertex subset S of graph G(V, E) is a
vertex cutset of G if and only if G− S is disconnected or single vertex. The
vertex connectivity of a graph G is defined by κ(G) = min{|S|: S is a vertex
cutset of G}.

Definition 2.1. [11] The k-ary n-cube Qk
n (k ≥ 2 and n ≥ 1) has N = kn

vertices, each of the form x = xn−1xn−2 · · ·x0, where 0 ≤ xi ≤ k−1 for every
0 ≤ i ≤ n − 1. Two vertices x = xn−1xn−2 · · ·x0 and y = yn−1yn−2 · · · y0 in
Qk

n are adjacent if and only if there exists an integer j, 0 ≤ j ≤ n− 1, such
that xj = yj ± 1(mod k) and xi = yi for i ∈ {0, 1, 2, · · · , n− 1} − {j}. Such
an edge (x, y) is called a j-dimension edge. For clarity of presentation, we
omit writing ”(mod k)” for similar expressions in the rest of the paper.

Note that the degree of each vertex is 2n when k ≥ 3, and n when k = 2.
Obviously, Q2

n is an n-dimensional hypercube, and if k ≥ 3 then Qk
1 and Qk

2

are a cycle of length k and a k × k torus, respectively.
We can partition Qk

n along the j-dimension, 0 ≤ j ≤ n − 1, by deleting
all the j-dimension edges, into k disjoint subcubes, Qk

n−1[0], Qk
n−1[1], · · · ,

Qk
n−1[k− 1] (abbreviated as Q[0], Q[1], · · · , Q[k− 1], if there are no ambigu-

ities). Note that Q[i] is isomorphic to a k-ary (n− 1)-cube for 0 ≤ i ≤ k− 1.
There are kn independent edges between Q[i] and Q[i + 1] (0 ≤ i ≤ k − 1).
We call these edges bridge edges.

Lemma 2.1. [4] For k ≥ 3 and n ≥ 1, κ(Qk
n) = 2n.

3. Main results

Lemma 3.1. Consider a Qk
2 (k ≥ 4) with a set F of faulty vertices, |F | ≤ 6.

Then, mc(Qk
2 − F ) ≥ k2 − |F | − 2, and the equality holds if and only if

F = NQk
2
({x, y}), where x and y are a pair of fault-free adjacent vertices of

Qk
2.
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Proof. It is easily verified that for a set S of two or more vertices in Qk
2,

|NQk
2
(S)| ≥ 6, the equality holds if and only if S = {x, y}, where (x, y) ∈

E(Qk
2). Then in order to isolate two or more vertices from Qk

2, at least 6
vertices must be removed (or faulty). Hence, mc(Qk

2 − F ) ≥ k2 − |F | − 1 if
|F | ≤ 5, and mc(Qk

2 − F ) = k2 − |F | − 2 if and only if F = NQk
2
({x, y}),

where x and y are a pair of fault-free adjacent vertices of Qk
2.

Theorem 3.2. Consider a Qk
n (k ≥ 4 and n ≥ 2) with a set F of faulty

vertices, |F | ≤ 4n − 2. Then mc(Qk
n − F ) ≥ kn − |F | − 2, and the equality

holds if and only if F = NQk
n
({x, y}), where x and y are a pair of fault-free

adjacent vertices of Qk
n.

Proof. We argue by induction on n. The assertion holds for n = 2 by
Lemma 3.1. Suppose the assertion is true for n (n ≥ 2). Next, we consider
Qk

n+1 with a set of up to 4n + 2 faulty vertices. We can partition Qk
n+1 along

some dimension j (0 ≤ j ≤ k − 1) into k subcubes Q[0], Q[1], · · · , Q[k − 1].
Let Fi = F

⋂
Vi, 0 ≤ i ≤ k − 1. Without loss of generality, we may assume

that |F0| ≥ |F1| ≥ · · · ≥ |Fk−1|. We continue the argument by distinguishing
the following four cases.

Case 1. |F0| ≤ 2n− 1.
For 0 ≤ i ≤ k − 1, Q[i] − Fi is connected because |Fi| ≤ 2n − 1 and

κ(Q[i]) = 2n (Lemma 2.1). Since there are kn bridge edges between Q[i] and
Q[i + 1], 0 ≤ i ≤ k − 2, and kn > 4n + 2 ≥ |F | for k ≥ 4 and n ≥ 2, we can
find such an edge connecting two fault-free vertices. Therefore, Qk

n+1 − F is
connected.

Case 2. 2n ≤ |F0| ≤ 4n− 2, |F1| ≤ 2n− 1.
Similarly to Case 1, Qk

n+1 − (F
⋃

V0) is connected. Since |F0| ≤ 4n − 2,
it follows from the inductive hypothesis that

mc(Q[0]− F0) ≥ kn − |F0| − 2.
Here, we have the following three possibilities.

Case 2.1. mc(Q[0]− F0) = kn − |F0|.
Since there are kn > 4n+2 ≥ |F | bridge edges between Q[0] and Q[1], we

can find such an edge connecting two fault-free vertices. Therefore, Qk
n+1−F

is connected.

Case 2.2. mc(Q[0]− F0) = kn − |F0| − 1.
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Then, Q[0] − F0 is composed of two connected components H1 and H2,
V (H1) = {x}. Because there are kn−1 > 4n+2 ≥ |F | bridge edges between
Q[0]−{x} and Q[1], there is such an edge connecting two fault-free vertices.
Hence, Qk

n+1 − (F
⋃{x}) is connected, which means that mc(Qk

n+1 − F ) ≥
kn − |F | − 1.

Case 2.3. mc(Q[0]− F0) = kn − |F0| − 2.
By the inductive hypothesis, F0 = NQ[0]({x, y}), where x and y are a pair

of fault-free adjacent vertices of Q[0]. Let H1 and H2 be the two connected
components of Q[0] − F0, V (H1) = {x, y}. Because there are kn − 2 >
4n + 2 ≥ |F | bridge edges between Q[0] − {x, y} and Q[1], there is such an
edge connecting two fault-free vertices. So, we can conclude that Qk

n+1 −
(F

⋃{x, y}) is connected. Hence, mc(Qk
n+1 − F ) ≥ kn − |F | − 2, and the

equality holds if and only if F = NQk
n+1

({x, y}).

Case 3. 2n ≤ |F0| ≤ 4n− 2, 2n ≤ |F1| ≤ 2n + 1.
Clearly, |Fi| ≤ |F | − |Fk−1| − |Fk| ≤ 2 ≤ 2n − 1 for 2 ≤ i ≤ k − 1.

Similarly to Case 1, Qk
n+1 − (F

⋃
V0

⋃
V1) is connected. Since |F0| ≤ 4n− 2

and |F1| ≤ 2n + 1 ≤ 4n− 2, it follows from the inductive hypothesis that
mc(Q[0]− F0) ≥ kn − |F0| − 2, mc(Q[1]− F1) ≥ kn − |F1| − 2.

Furthermore, we claim that mc(Q[1]−F1) ≥ kn−|F1|−1. On the contrary,
suppose that mc(Q[1] − F1) = kn − |F1| − 2, then |F1| = |NQ[1]({x, y})| =
4n− 2 ≥ 2n + 2 > |F1|. A contradiction occurs. At this point, there are four
essentially different cases.

Case 3.1. mc(Q[0]− F0) = kn − |F0|, mc(Q[1]− F1) = kn − |F1|.
There are kn > 4n + 2 ≥ |F | bridge edges between V0 and Vk−1. Thus,

there is such an edge connecting two fault-free vertices. Likewise, there is an
edge connecting a fault-free vertex in V1 to a fault-free vertex in V2. Hence,
Qk

n+1 − F is connected.

Case 3.2. mc(Q[0]− F0) = kn − |F0| − 1, mc(Q[1]− F1) = kn − |F1|.
Then, Q[0] − F0 is composed of two connected components H1 and H2,

V (H1) = {x}. On the one hand, there are kn − 1 > 4n + 2 ≥ |F | bridge
edges between V0 − {x} and Vk−1. So, there is such an edge connecting two
fault-free vertices. On the other hand, there is a bridge edge connecting a
fault-free vertex in Q[1] to a fault-free vertex in Q[2] by Case 3.1. Hence,
Qk

n+1−(F
⋃{x}) is connected, which means that mc(Qk

n+1−F ) ≥ kn−|F |−1.

Case 3.3. mc(Q[0]− F0) = kn − |F0| − 1, mc(Q[1]− F1) = kn − |F1| − 1.
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Then Q[0] − F0 is composed of two connected components H1 and H2,
V (H1) = {x}, Q[1] − F1 is composed of two connected components H3 and
H4, V (H3) = {y}. Similarly to Case 3.2, Qk

n+1 − (F
⋃{x, y}) is connected.

Therefore, mc(Qk
n+1 − F ) ≥ kn − |F | − 2, and the equality holds if and only

if F = NQk
n
({x, y}).

Case 3.4. mc(Q[0]− F0) = kn − |F0| − 2.
According to the inductive hypothesis, |F0| = |NQ[0]({x, y})| = 4n − 2.

Then 4 ≤ 2n ≤ |F1| ≤ |F | − |F0| ≤ 4, which implies that n = 2, |F0| =
6, |F1| = 4, and |Fi| = 0 for 2 ≤ i ≤ k − 1. Clearly, every fault-free
vertex in V0

⋃
V1 is connected by a bridge edge to a (fault-free) vertex in

Qk
n+1 − (V0

⋃
V1). As a result, Qk

n+1 − F is connected.

Case 4. 4n− 1 ≤ |F0| ≤ 4n + 2.
Clearly, |Fi| ≤ |F | − |F0| ≤ 3 ≤ 2n − 1 for 2 ≤ i ≤ k − 1. Similarly to

Case 1, Qk
n+1 − (F

⋃
V0) is connected.

We claim that |Fk−1| ≤ 1. If not, we suppose that |F1| ≥ |F2| ≥ · · · ≥
|Fk−1| ≥ 2. Then |F | = |F0|+ |F1|+ |F2|+ · · ·+ |Fk−1| ≥ (4n−1)+2(k−1) ≥
4n + 5 > |F | for k ≥ 4. A contradiction occurs.

Let x ∈ Vk−1 be the faulty vertex if |Fk−1| = 1, or an arbitrarily chosen
vertex if |Fk−1| = 0. Let y ∈ V0 be the vertex connected to x by a bridge
edge. Clearly, every vertex in V0−{y}−F0 is connected to a fault-free vertex
in Vk−1 − {x}. Hence, mc(Qk

n+1 − F ) ≥ kn+1 − |F | − 1.

4. Conclusions

This paper has addressed the minimum size of a largest connected com-
ponent in a faulty k-ary n-cube. We have proved that a k-ary n-cube (k ≥ 4
and n ≥ 2) with up to 4n − 2 faulty vertices admits a large connected
component. As a consequence, k-ary n-cubes exhibit excellent fault-tolerant
abilities. The obtained results can be viewed as a complement to previous
work on the fault tolerance of k-ary n-cubes.

Towards this direction, there are a number of open problems. First, the
structure and graph embedding ability of a largest connected component in
a faulty k-ary n-cube should be investigated. Secondly, various fault-tolerant
parallel algorithms are yet to be developed on a largest connected component
of a faulty k-ary n-cube. Thirdly, in parallel to the work by K. Day and A. E.
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Al-Ayyoub [5], the diameter of the largest connected component in a faulty k-
ary n-cube needs to be estimated. Finally, it is rewarding to develop efficient
diagnosis algorithm for k-ary n-cubes with the aid of the presented results.
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