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Due to their simplicity, hypercubes are a popular topology for the interconnection 

network of massively parallel systems. One critical issue when dealing with such parallel 

systems is routing: data transmission is at the center of any operation or computation. 

Additionally, as the number of processors inside modern supercomputers is huge, and 

continuously growing, fault tolerance ought to be addressed. Hence, for a routing algo-

rithm to generating node-disjoint paths is of high interest as it maximises the probability 

of establishing a fault-free path in a faulty environment. Also importantly, generating 

disjoint paths allows for time-efficient data transmission; transfers are able to be realised 

in parallel as two paths are ensured to share no common resource. In an  -dimensional 

hypercube, given a source node and   (   ) destination nodes, Rabin described an 

algorithm finding   node-disjoint paths between the source node and the destination 

nodes of optimal lengths (at most    ) in  (     ) time. We describe in this pa-

per a smart improvement to this algorithm to reduce its time complexity from  (   

  ) to  (  ) which is time optimal. 
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1. INTRODUCTION 
 

Recently, thanks to hardware advances in the fields of microchips and integration 

(e.g. VLSI), parallel processing has become a very actively researched topic. Most of 

computers, even personal computers, are today equipped with several CPU cores. If 

workstations contain a small number of cores (two, four, and recently eight), large scale 

computers (supercomputers) include hundreds of thousands of processors. For instance, 

the Jaguar supercomputer built by the Cray Company connects precisely 180,382 nodes 

[1]. In this context, we understand that in order to retain high performance, routing is a 

critical issue. 

The hypercube topology is popular for the interconnection network of parallel sys-

tems due to its simplicity. For example, the SGI Company built the Origin family of su-

percomputers (e.g. Origin 3000) exclusively using the hypercube topology as intercon-

nection network [2]. One can also cite the Intel iPSC [3] as another example of hyper-

cube-based supercomputer. Additionally, hypercubes have the very important property 

that the addresses of any two adjacent nodes differ in one single bit. This critical property 

is extensively used by routing algorithms as detailed hereinafter. Also, many variants of 

the hypercube interconnection network have been introduced in the literature: folded 

hypercubes [4] and hierarchical hypercubes [5] are some examples. Hence, such hyper-

cube variants yet increase the importance of hypercube routing. 
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Generating node-disjoint paths has two main advantages. The first one is regarding 

fault tolerance. Effectively, we understand that in the context of modern supercomputing, 

the number of nodes included in parallel systems is huge, and thus faults are very likely 

to occur. So, by selecting disjoint paths, an algorithm maximises the probability of estab-

lishing a fault-free path in such a faulty environment: one faulty node can jeopardize at 

most one path. The second obvious advantage is regarding time efficiency. Indeed, once 

disjoint paths have been selected, data transmission can fully occur in parallel as no re-

source shall ever be shared between any two paths. This is thus a highly significant gain 

as for the time required to perform data transfers, and more generally a huge performance 

gain. 

The node-to-set disjoint paths routing problem can be defined as follows: given a 

source node and a set of destination nodes, find paths between the source node and the 

destination nodes having only the source node in common [6, 7]. An algorithm for the 

node-to-set disjoint paths routing problem in hypercubes was proposed by Rabin. In an 

 -dimensional hypercube   , Rabin's algorithm finds   (   ) disjoint paths of opti-

mal lengths (at most    ) in  (     ) time [8]. We propose in this paper a smart 

improvement to this algorithm to reduce its time complexity from  (     ) to 

 (  ), which is time optimal. 

First, we recall in Section 2 general definitions. The original algorithm by Rabin is 

described in Section 3. Then, we propose the improvement in Section 4. An empirical 

evaluation is conducted in Section 5 to inspect the practical behaviour of our improved 

algorithm. Finally Section 6 concludes this paper. 

2. PRELIMINARIES 

An  -dimensional hypercube    consists of    nodes, each node having an 

 -bit unique address. There is an edge between a pair of nodes   and   if and only if 

the Hamming distance between their addresses  (   ) is equal to 1. Hence a    is 

symmetric, and its connectivity, degree and diameter are equal to   [9]. Also im-

Figure 1 - A 4-dimensional hypercube 𝑸𝟒 divided into two 3-dimensional hypercubes 𝑸𝟑
𝟎 

and 𝑸𝟑
𝟏 along the dimension 𝜹 = 𝟎. 

𝑄 
0 

𝑄 
1 
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portantly, hypercubes have a recursive structure: for any dimension   (       ), 

a    consists of two (   )-dimensional hypercubes    1
0  and    1

1 . The subcube 

   1
0  (resp.    1

1 ) is induced by the set of nodes of    whose  -th bit is set to 0 (resp. 

1). We give in Figure 1 an example of a 4-dimensional hypercube    and its two sub-

cubes   
0 and   

1 induced by the sets of nodes of    whose 0-th bit (rightmost) is set 

to 0 and 1, respectively. 

For a node   in   , let  ( ) represent the set of the neighbour nodes of  . A 

path   is an alternate sequence of nodes and edges 

 1 ( 1   )         1 (   1   )   . The length of a path   is the number of edges 

included in  . We use the notation  1          or simply  1     to represent 

the path  . The bitwise exclusive-or operation is denoted by  . 

We assume that a node address in a    can be stored in a fixed number of machine 

words. Therefore, for any two nodes     in a   , the comparison of   and  , the 

calculation of their Hamming distance  (   ), and the detection of the most significant 

bit position can be performed in constant time. 

3. ORIGINAL NODE-TO-SET DISJOINT PATHS ROUTING ALGO-
RITHM BY RABIN 

We recall in this section the original node-to-set disjoint paths routing algorithm by 

Rabin [8]. Rabin introduced an algorithm which solves the following problem. Let 

    ,  = { 1        }   ( ) ,  = { 1        }    , | | = | | =    , 

   =  . Find   node-disjoint paths       of lengths at most     with     , 

     (       ). 

The case  =   is solved by enumeration. Assume    . Since a    is symmet-

ric, we can assume without loss of generality that  =     . Divide    into two sub-

cubes    1
0  and    1

1  along an arbitrary dimension   (       ). Several cases 

are distinguished. 

 Case 1:      1
1 =  . 

o Case 1.1:       . 

Apply this algorithm recursively onto    1
0 . 

o Case 1.2:       . 

Apply this algorithm recursively onto    1
0  to find     disjoint 

paths between   {    }  and     nodes of  , say 

 1         1. If    is included in one of these     paths, say 

     , discard the subpath       and swap the indices of    

and   . The  -th path is given by               where a 

shortest path routing algorithm is used to connect      to       

inside    1
1 . 

 Case 2:      1
0 =  . 

o Case 2.1:       . 

For each    (     ), first select the edge          and se-

cond if        , remove    from   and       from  . Fi-

nally, apply recursively the algorithm onto    1
0  to find | | disjoint 

paths between   and {     |    }. 
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o Case 2.2:       . 

Connect      to a nearest node    using a shortest path routing 

algorithm. Remove    from   and      from  . Go to Case 2.1. 

 Case 3:      1
0    and      1

1   . 

Define  0 =      1
0  and  1 =      1

1 . 

o Case 3.1:       . 

Consider a set  1    with | 1| = | 1|. Remove  1 from  . For 

each     1 with        1, select the path          and 

remove    from  1  and       from  1 . Apply this algorithm 

recursively onto    1
1  to find | 1|  disjoint paths between 

{     |    1} and  1 . For each of these | 1| paths, add the 

edge          to the path         . Finally, apply this al-

gorithm recursively onto    1
0  to find | 0| disjoint paths between   

and  0. 

o Case 3.2:       . 

Remove      from  . Consider a set  1    with | 1| = | 1|  
 . Subtract  1 from  . For each     1 with        1, select 

the path          and remove       from  1 and  1. Con-

sider one additional     . Apply this algorithm recursively onto 

   1
1  to find | 1|  disjoint paths between 

{     }  {     |    1}  and  1 . Add the edge      
      to the path         . For each of the other | 1|     
paths          (    1), add the edge         . Finally, 

apply this algorithm recursively onto    1
0  to find | 0| disjoint paths 

between   and  0. 

4. ANALYSIS AND IMPROVEMENT 

In this section we propose an improvement to reduce the time complexity of the al-

gorithm of Section 3. 

First, let us give an estimation of the theoretical worst case time complexity of Rab-

in's original algorithm. Let   (   ) represent the time complexity of the original Rab-

in's algorithm in a    with  = | |. Obviously we have   (   ) =  ( ), which cor-

responds to the generation of one path by using a shortest path routing algorithm. To help 

the reader understand our estimation, we proceed in two steps: we first give a naive esti-

mation of   (   ), and we refine it afterwards. To assess the dominant time complexity, 

we estimate   (   ) for each case of Rabin's algorithm as detailed in Section 3. 

So we begin with a naive estimation of   (   ). In Case 1.1, the algorithm is ap-

plied recursively onto    1
0  and thus it requires   (     ) time. In Case 1.2, the 

algorithm is applied recursively onto    1
0  to generate     disjoint paths       

(         ). Then these     disjoint paths (of lengths at most  ) are checked 

for inclusion of   . Finally, a shortest path routing algorithm is applied inside    1
1  to 

generate the path for   . So in total, Case 1.2 requires   (       )   (  )  
 ( ) time. In Case 2.1, for each node    of   the edge linking    to    1

0  is se-

lected, and then the algorithm is applied recursively onto    1
0 . Thus Case 2.1 requires 
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  (     )   ( ) time. In Case 2.2, we generate one path inside    1
1  with a short-

est path routing algorithm and then we proceed as in Case 2.1. Thus Case 2.2 requires 

  (       )   ( )   ( ) time. In Case 3.1, we select  1 = | 1| edges linking 

a node of   to    1
1  before applying recursively the algorithm onto    1

1  and    1
0 . 

Thus Case 3.1 requires   ( 0    )    ( 1    )   ( 1) time, where  0 = | 0| 
and  0   1 =  . The same discussion holds for Case 3.2. So, the dominant time com-

plexity is induced by Case 1.2, and as a result, a naive estimation of the total time 

complexity of the original algorithm is   (   ) =  ( 
  ). 

Now, let us refine this naive estimation. First of all, let   ̃ be the original set of 

destination nodes at the beginning of the recursion. Instead of checking for the inclusion 

of    after the     disjoint paths       (         ) have been generated 

inside    1
0 , we check for the inclusion of nodes of   while constructing the     

disjoint paths. Index swapping between two nodes of   could thus occur at any time. So, 

Case 1.2 now only requires   (       )   ( ) time as the inclusion of    is no 

more checked here. As for Case 2.1, for each node    of   we no more only select the 

edge linking    to    1
0 , but we also check if this edge includes a node of   ̃  {  }, 

before applying the algorithm recursively onto    1
0 . If the edge includes a node 

of   ̃  {  }, then swap indices. Thus Case 2.1 requires   (     )   ( 
 ) time. In 

Case 2.2, we generate one path with a shortest path routing algorithm in    1
1  to a near-

est node of   ̃. If the nearest node of   ̃ is not in  1, swap indices of the node with any 

node of  1. Then we proceed as in Case 2.1. Thus Case 2.2 requires   (       )  
 (  )   ( )   ( ) time. In Case 3.1, we select  1 nodes of   excluding nodes of 

 , and the corresponding edges linking them to    1
1  before applying recursively the 

algorithm onto    1
1  and    1

0 . Thus Case 3.1 requires   ( 0    )    ( 1   
 )   (  1) time, and the same discussion holds for Case 3.2. So, the dominant time 

complexity is induced by Case 2.2 and we have   (   ) =  ( 
    ). See Figure 2. 

By changing the selection process of the dimension   to divide   , we can reduce 

the algorithm to Case 3 only. That is, instead of selecting an arbitrary dimension   

(       ), we select   so that      1
0    and      1

1    both hold. 

This can be performed in constant time by applying an exclusive bitwise-or operation 

between any two nodes of   and let   be the dimension of the rightmost bit set to 1. 

Additionally, instead of dividing    until obtaining  =  , we stop the recursion 

when  =   is satisfied. If  =   holds, we simply connect     to     with a 

shortest path not including  . 

Nodes of  �̃�  𝐷 

Nodes of 𝐷 

𝑠  𝛿  ( 𝑈) 

Index swapping 

Index swapping 
𝑠 

Figure 2 - Case 2.2: all situations triggering destination node index swapping. 
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Considering these two modifications, we understand that Case 1 and Case 2 shall 

never occur. Hence the time complexity of this improved algorithm can be expressed as 

follows. Let  (   ) represent the time complexity of the improved algorithm in a    

with  = | |. Let  0 = |     1
0 | and  1 = |     1

1 |. We have: 

 

 (   ) =  ( ) 

 (   ) =  ( 0    )   ( 1    )   ( 1) 

=  (  ) 

 

with    0  1      and  0   1 =  . Therefore, the dominant time complexity of 

the improved algorithm is  (  ), which is time optimal. 

From this discussion, we can state in Theorem 1 below the main result of this paper. 

 

Theorem 1: In a   , given a source node and   (   ) distinct destination nodes, we 

can find   node-disjoint paths between the source node and the destination nodes of 

optimal lengths (at most    ) in  (  ) optimal time.  

5. EMPIRICAL EVALUATION 

We conduct in this section an empirical evaluation of our improved algorithm to in-

spect its practical behaviour. We have implemented this improved algorithm using a 

compiled imperative programming language (C++). Then we have used that implementa-

Time (ms) 

𝑛 

Figure 3 - Measuring the total time required by our improved algo-

rithm to solve 10,000 random node-to-set disjoint paths routing 

problems in a 𝑸𝒏 with 𝟏  𝒏  𝟐𝟑. 
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tion to solve for each value of  ,       , 10,000 random instances of the hyper-

cube node-to-set disjoint paths routing problem. Our experiment was run on a 32-bit 

Windows operating system equipped with a dual-core processor Intel Core 2 Duo and 4 

GB of RAM. For each problem instance, we have set  =   to maximize the number of 

paths to find. As illustrated in Figure 3, we measured the total time required to solve the 

10,000 problem instances for each value of  . Also, we have plotted in this figure the 

theoretical worst case time complexity  (  ) as estimated in Section 4 for comparison. 

We observe that the time complexity of our improved algorithm is effectively  (  ). 

6. CONCLUSION 

We have described in this paper a smart improvement to the node-to-set disjoint 

paths routing algorithm proposed by Rabin, reducing its time complexity from 

 (     ) to  (  ) which is time optimal. In an  -dimensional hypercube   , 

given a source node and   (   ) distinct destination nodes, this improved algorithm 

finds   disjoint paths of optimal length (at most    ) between the source node and 

the destination nodes in  (  ) optimal time. As for future works, it would be interest-

ing to aim at obtaining the condition for shortest disjoint paths as discussed by Gao et al. 

in [10]. 
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