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The FFT processor serves as one of core components in numerous DSP-based 

systems, such as OFDM in modern wireless communication. While creating an FFT 

processor, key parameters, such as architecture, wordlength, and number format, must be 

all considered very carefully. In this paper, we propose an optimization flow that 

properly scales fixed-point numeric values at each butterfly stage to maximize the output 

SQNR under a fixed wordlength constraint. The proposed flow utilizes probability 

distribution to model the probabilistic behavior of the output signal at each stage. The 

computation errors due to quantization and saturation operations are statically analyzed 

before making scaling decisions. Therefore, without a need of time-consuming 

simulation, our method can efficiently determine the most appropriate number format for 

each stage and thus optimize the overall output SQNR. Besides, the proposed flow is 

capable of handling various FFT sizes, FFT algorithms, wordlengths, and input signal 

distributions. Experimental results indicate that the wordlength can be reduced about 

three bits for an 8K-point radix-2 memory-based FFT processor without compromise in 

the output SQNR. Furthermore, the FFT processor created using our static scaling 

optimization technique can produce a comparable output quality as the one equipped 

with an extra dynamic number scaling unit, which requires significantly more hardware 

logic. 

 

Keywords: FFT, number scaling, fixed wordlength, signal-to-quantization noise ratio 

(SQNR), accuracy, precision 

1. INTRODUCTION 

Recently, high-data-rate wireless communication systems have been becoming a 

primary focus of both research and development. For example, Orthogonal Frequency 

Division Multiplexing (OFDM) technology is one of the favorable choices for future 

broadband systems and is highly suitable for video transmission and mobile Internet 

applications, such as digital video/audio broadcasting (DVB/DAB) [1], local area 

networks (IEEE 802.11a/g/n) [2], and networks for multiple users (IEEE802.16, WiMAX, 

LTE) [3-5]. The Fast Fourier Transform (FFT) processor is one of the key components in 

OFDM-based wireless systems [4, 6, 7] In [8], the authors showed that the FFT core is 

the most computationally intensive part of such a high-data-rate system. Actually, not 

just in OFDM, the FFT processor also serves as an essential element in many other 

modern DSP systems. Consequently, improving FFT processor designs has become the 

focus of a large number of studies since the past decade. 
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The architectures of FFT processors can be roughly divided into two major 

categories: memory-based and pipeline-based. A memory-based architecture usually 

consists of only one butterfly unit. In general, it provides area-efficient solutions for 

low-throughput applications. Alternatively, a pipelined architecture consists of multiple 

concurrent processing butterfly units so that it can provide higher throughput at the cost 

of more hardware resources. In general, memory-based architectures are suitable for FFT 

processors where the hardware cost is an issue and the FFT size is not smaller than 512 

[3]. Pipeline-based architectures are typically feasible for applications with smaller FFT 

sizes. In this work, we focus on the scaling optimization on FFT designs with a fixed 

wordlength at each stage; that is, the output wordlength of every stage is the same as its 

input wordlength. Memory-based designs naturally fulfill this requirement, while a 

considerable part of pipeline-based designs also choose to meet the same requirement 

since the fixed wordlength is still preferred due to hardware cost and critical-path delay 

considerations [9]. 

While crafting a practical FFT hardware design, the output precision in terms of 

Signal-to-Quantization-Noise Ratio (SQNR) is regarded as a key design requirement. In 

practice, FFT algorithms are commonly implemented using fixed-point arithmetic instead 

of floating-point arithmetic for hardware cost reduction. That is, only a limited number of 

bits are available to represent a signal or coefficient value. As a result, rounding and 

truncation operations inevitably introduce noises, which are referred to as quantization 

noises. Besides, addition and subtraction operations may also cause overflow errors 

(noises) during computations. Although extending the wordlength can relieve the 

accuracy loss, the hardware cost and the critical-path delay are increased accordingly. 

Therefore, several number scaling methods, either static or dynamic, have been 

proposed to improve the output SQNR [1, 7, 9–27]. Oppenheim et al. [12] proposed a 

simple static scaling method that always increases the integer part by one bit for each 

radix-2 stage to prevent overflows. However, this method suffers significant quantization 

errors if the wordlength is fixed. In addition, methods based on dynamic scaling have 

also been proposed for the SQNR improvement. Block Floating Point (BFP)-based 

methods employ intermediate buffers to store and analyze a block of output values, and 

then dynamically determine an appropriate number format for that block to achieve a 

better SQNR [1, 7, 9, 14, 15]. However, all of these dynamic methods suffer a notable 

increase in area, power, and latency as well as need a more complicated control unit. 

Consequently, most FFT designers rely on static instead of dynamic scaling optimization 

techniques to determine a proper number format for each stage [13]. 

Previous static scaling techniques can be roughly classified into three major 

categories: simulation-based approaches [16, 17], analytical approaches [10, 12, 13, 18–

26], and a hybrid of previous two [11, 27, 28]. The simulation-based approaches try to 

find a good number format through lengthy iterations. In contrast, the analytical methods 

can determine a good number format very efficiently through a static numeric analysis 

without invoking time-consuming simulation. However, the analysis results are generally 

too pessimistic and lead to a larger wordlength than required. Therefore, the hybrid 

approaches are proposed to determine the number format and shorten the simulation time 

simultaneously. Meanwhile, the works mentioned above [10–13, 16–28] all assume they 

can arbitrarily determine the wordlength at each stage. However, in memory-based FFT 

designs, the wordlength (the width of the memory block) is always fixed. To the best of 
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our knowledge, the problem of static scaling under a fixed wordlength constraint has not 

been well addressed yet. 

In this paper, we propose a scaling optimization technique based on the static 

probability analysis that can rapidly determine the best number format at each butterfly 

stage under a fixed wordlength constraint. Given a probability distribution of input 

signals, a selected FFT algorithm, and a wordlength constraint, the proposed technique 

can maximize the overall output SQNR through the static number format analysis and 

optimization stage by stage. Compared to previous works, our method offers the 

following three contributions: 1) providing a probability model that can abstract the 

behavior of fixed-point arithmetic logic; 2) preventing the use of time-consuming and 

pattern-dependent simulation throughout the entire optimization process; 3) minimizing 

the required wordlength in a hardware implementation under a given SQNR target 

without demanding extra hardware components and complicating control logic compared 

to other existing static approaches [12, 13]. 

The rest of this paper is organized as follows. In Section 2, we briefly review the 

fundamentals of FFT. Section 3 discusses several existing number scaling methods and 

gives our motivation and the problem formulation. Then Section 4 and Section 5 detail 

our static probability-based scaling optimization technique. Section 6 reports the 

experimental results. Finally, concluding remarks are given in Section 7. 

2. FFT OVERVIEW 

FFT is an efficient algorithm for realizing Discrete Fourier Transform (DFT). Given 

an input sequence, x[n], the N-point DFT is defined as 
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where X(k) and x(n) are two series of complex numbers and a set of twiddle factors 
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The time complexity of computing an N-point DFT directly is O(N
2
). Since the FFT 

algorithm was first introduced in 1965 [29], several other FFT algorithms have also been 

developed to reduce the time complexity of DFT computations [30–33], for instance, the 

decimation-in-time (DIT) FFT algorithm. By grouping terms in an interlaced way, (1) 

can be rewritten as 
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Since a twiddle factor is generated by an exponential function, the periodic property 

assures the following equality 
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After substituting (4) into (3), an N-point DFT computation can be represented as 
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Equation (5) shows that the result of an N-point DFT can be constructed from two 

parallel N/2-point DFT computations. After repeating the same procedure log2N times, an 

N-point DFT can then be decomposed into log2N stages of N radix-2 butterfly operations. 

Without loss of generality, the DIT algorithm is used for FFT computation in the rest of 

this paper. 

In order to further reduce the computational complexity, FFT algorithms with higher 

radices, such as radix-4 and radix-8, are also developed to divide input data into more 

groups. By increasing the level of parallelism, the number of required butterfly 

operations can therefore be reduced. 

Since floating-point arithmetic consumes much more hardware resources than 

fixed-point one, FFT algorithms are usually implemented using fixed-point arithmetic. 

While implementing a fixed-point FFT processor, how many bits and in what number 

format a signal or coefficient value is represented do have a great impact on both output 

quality (SQNR) and hardware cost. Therefore, a scaling method that can best determine 

the number format for the output of every butterfly stage under a given fixed wordlength 

constraint is extremely desirable while creating practical FFT processors. 

3. NUMBER SCALING 

3.1 Related Works 

It requires n+1 bits to accurately preserve a result of an n-bit fixed-point 

addition/subtraction operation. Hence, one solution for avoiding an overflow generated 

from a butterfly operation is to make the output wordlength one bit larger than the input 

one [11]. However, increasing the wordlength induces a number of drawbacks in FFT 

hardware implementation. First, a larger data storage unit (memory block or register file) 

is required, which increases both chip area and power consumption. Second, a longer 

wordlength results in a worse critical-path delay in arithmetic logic, which is not eligible 

for high-throughput FFT designs. Most of all, the wordlength is fixed in a memory-based 

FFT architecture, meaning that it is not possible to vary the wordlength from stage to 

stage. Consequently, many number scaling approaches have been proposed to prevent a 

wordlength increase at the cost of a minor accuracy loss, which can be roughly divided 

into two categories: the static scaling approaches and the dynamic ones. 

Oppenheim et al. [12] proposed a static scaling procedure which is widely adopt in 

today’s FFT hardware implementation. Since the maximum magnitude of the result 
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increases no more than a factor of 2 for a butterfly stage, incorporating an attenuation of 

1/2 at both inputs (that is, increase the integer part by one bit and decrease the fractional 

part by one bit in a fixed-length word) to a radix-2 butterfly unit can completely 

eliminate output overflows. However, this approach degrades the output SQNR due to 

larger truncation errors caused by the increasingly shorter fractional part stage by stage. 

Besides, the above scaling method can be further improved a bit with only a slight 

modification. Instead of performing number scaling at the input, incorporating an 

attenuation of 1/2 at the output of each stage, as shown in Fig. 1, can achieve a better 

overall SQNR. 

In [13], Ramakrishnan et al. concentrated on FFT designs for OFDM receivers. The 

authors exploit the fact that input samples of OFDM follow a normal distribution to 

predict the possible output value range at each stage and then determine the scaling 

strategy accordingly. They suggest increasing the integer part by one bit for every two 

stages instead of every stage for FFT designs used in OFDM. However, the input can 

vary from application to application, and is mostly assumed uniformly distributed in a 

typical FFT analysis [11]. Furthermore, our experimental results show that the approach 

presented in [13] works well only if the standard deviation of normal distribution is 

within a specific range. 

Therefore, instead of adopting the methods proposed in [12, 13] directly, most 

designers try to find the optimized number format of output for each stage through 

simulation if a better SQNR is expected. Typically, there are two options for determining 

the number format of a radix-2 butterfly stage: keeping it unchanged as at the previous 

stage, or moving one bit from the fractional part to the integer part. However, when the 

number of stages (k) is big due to a large FFT size, it is virtually impossible to evaluate 

all feasible configurations (2
k
) and then pick the best one through simulation. 

Consequently, designers usually empirically select a limited set of "better" candidate 

configurations, and choose the best one among them still through extensive 

time-consuming simulation. 

On the other hand, a dynamic scaling approach improves the output SQNR by 

means of the notion of shared-exponent. The BFP algorithm [1], which is one of dynamic 

scaling methods, employs an intermediate buffer to store a block of output data, detects 

the maximum value, and then determines the exponent for that block of data. Though this 

method does achieve a better result than common static scaling approaches, the extra data 

buffer implies a notable increase in area. As well, buffer access and exponent detection 

operations require longer processing latency and consume more power. Therefore, static 

scaling approaches are still much more commonly preferred for typical FFT hardware 

implementations. 

 

Fig. 1. A radix-2 butterfly unit with scaling by 1/2 at the output. 
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In this paper, we propose a fast probability-based static scaling optimization 

technique that is capable of providing a better output SQNR than existing static ones as 

well as needs no simulation at all. It is also as area-efficient as other static methods since 

all of them do not require a dynamic scaling unit; however, our technique can still 

roughly achieve the same level of output quality when compared with dynamic scaling 

approaches. For every butterfly stage, the proposed method can precisely estimate the 

accuracy loss of each candidate number format due to possible saturation and truncation 

errors via the static probability-based analysis and then picks the best one of them. 

Furthermore, our method can work with various FFT sizes, FFT algorithms, wordlengths, 

and input signal distributions. 

3.2 Motivation and Problem Definition 

As mentioned, the approach proposed in [12] suggests increasing the bitwidth of the 

integer part by one at every radix-2 butterfly stage to avoid overflows. In this paper, the 

format for a fixed-point number is represented in the form of mbnf, denoting the 

wordlength is m-bit, the integer part is n-bit and thus the fractional part takes the rest m-n 

bits. Note that an m-bit number can only represent 2
m
 different values no matter what the 

value of n is. Though the maximum magnitude of representable values can be doubled as 

increasing n by one, the bitwidth of the fractional part must be decreased by one at the 

same time since the wordlength m is fixed, which inevitably results in a precision loss. 

Take the radix-2 64-point FFT, which has log264 (i.e., 6) butterfly stages, as an example, 

if the input data is in 12b1f format, the final output format becomes 12b7f, in which only 

5 bits are available for the fractional part. 

However, after a 12-hour simulation with about 20 million random sets of input data, 

the probability for an output value that actually needs the seventh bit of the integer part is 

almost zero. The fact implies that it may not be wise to always move a bit from the 

fractional part to the integer part at every butterfly stage since keeping more bits for 

fractional part can help reduce the truncation errors and thus improve the final output 

SQNR. 

Nevertheless, if a stage keeps its output number format the same as its previous 

stage, then overflows might occur. In such cases, saturation logic is typically employed 

for overflow error reduction. A saturation operation is to clamp an overflowed 

positive/negative value to the maximum/minimum value a number format can hold. For 

example, if the number format in use is 4b4f, then 0100 (4) + 0101 (5) = 1001 (-7), 

which is an overflow with an error of 9 – (-7) = 16. However, if saturation is applied, the 

result becomes 0111 (7) and the error can be reduced to 9 – 7 = 2, which is much smaller 

than 16. 

Let's examine a few configurations of the output number format for the 256-point 

FFT design with the input number format of 12b1f. If the configuration suggested in [12] 

is used, the resultant SQNR is 35.39 dB by simulation. If the integer part is not increased 

at the output of the 8
th

 stage and saturation is performed, the SQNR would climb to 37.03 

dB. If applying it again to the 7
th

 stage, the SQNR would rise to 38.47dB. However, if 

further applying it to the 2
nd

 stage, the SQNR would dramatically drop to 17.82 dB. The 

above apparently indicates that the output number format of each stage must be 

determined extremely carefully for achieving an even better SQNR. 
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Conventionally, static scaling optimization methods usually rely on simulation to 

evaluate the performance of a configuration, like [13]. Nevertheless, it takes hours for 

simulation with only ten thousand sets of inputs just to evaluate one single configuration 

of the 8192-point FFT. Meanwhile, for the radix-2 N-point FFT, there are log2N stages 

and the integer part can be increased by one bit or not at each stage, which makes the 

total number of possible configurations equal to N. That is, it takes years if one attempts 

to evaluate all configurations of the 8192-point FFT. This is the prime reason that 

motivates us to develop a revolutionary simulation-free scaling optimization technique, 

which turns out to be able to discover a near-optimal solution within only few minutes. 

At the end of this section, the problem of static scaling optimization on fixed-point 

FFT addressing in this paper is described as follows – given FFT size, radix r (where r is 

a power of 2), fixed wordlength, and input probability distribution, determine the number 

format for the output of every stage statically (i.e., without use of simulation) such that 

the overall SQNR is maximized. 

4. PROBABILITY MODEL 

4.1 Probability-Based SQNR Analysis 

The input to an FFT is modeled as a discrete random variable, which can take only 

a countable number of distinct values. A discrete random variable X has an associated 

probability mass function (PMF) [34, 35], denoted as pX, which gives the occurrence 

probability of each possible value that X can take. In particular, if x is a possible value of 

X, the probability mass of x, denoted as pX(x), gives the probability that X is exactly equal 

to x, or 

})({)( xXPxpX   (6) 

Also note that 

1)( x X xp  (7) 

where in the summation, x ranges over all the possible values of X. 

Derived distribution is the PMF of a function of random variables with known 

distribution [21, 22]. The notion of derived distribution helps establish the following 

properties. 

Property 1: Suppose A and B are two independent discrete random variables; for 

each of them, the PMFs of its real and imaginary part are reflection-symmetric (w.r.t. 0) 

and identical (i.e., pR(A) = pI(A) and pR(B) = pI(B)). Then, the PMF of Z = A op B (op can be 

either addition or subtraction) can be derived by the convolution of the PMFs of A and B. 

As well, the PMFs of Z’s real and imaginary part are also identical (i.e., pR(Z) = pI(Z)) and 

reflection-symmetric. 

Property 2: Assume A is a complex random variable and the PMFs of its real and 

imaginary part are identical and reflection-symmetric; w is a complex constant value. If Z = A．

w, then the PMFs of Z’s real and imaginary part are also identical and reflection-symmetric. 
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Proof: Assume the PMF of A’s real (imaginary) part is P and w = a + bi, then the 

PMFs of Z’s real and imaginary part are pR(Z) = (aP – bP) and pI(Z) = (aP + bP), 

respectively. Since P is reflection-symmetric, pR(Z) = pI(Z) = (a + b)P. Hence, the PMFs of 

Z’s real and imaginary part are identical and reflection-symmetric. 

Property 3: Given two complex numbers X = R(X) + jI(X) and Y = R(Y) + jI(Y), 

where pR(X) = pI(X), pR(Y) = pI(Y) and all four PMFs are reflection-symmetric. Then, for the 

radix-2 butterfly operation Z = BF(X, Y), the PMFs of Z’s real and imaginary part are 

also identical and reflection-symmetric according to Property 1 and Property 2. That is 

)()( ZIZR pp   (8) 

Property 4: Since Y = FFT(X) is composed of a series of radix-2 butterfly operations, the 

PMFs of Y’s real and imaginary part are also identical and reflection-symmetric according to 

Property 3, or 

)()( YIYR pp   (9) 

Property 5: For a signal Y, if the PMFs of Y’s real and imaginary part are identical, 

then the power of Y is two times larger than the power of its real (imaginary) part based 

on (7), or 
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Property 6: In a fixed-point FFT, because both the real and imaginary part use the 

same number format at every stage, the noises induced from saturation and quantization 

are also identical and symmetric in both parts, i.e., for the noise E, pR(E) and pI(E) are 

identical. Similarly, the power of E is two times larger than the power of its real (or 

imaginary) part, or 

 
)( )(

2 ))(()(2
eR YRE yRpeRPower  (11) 

Property 7: According to Property 5 and Property 6, the SQNR of Y = FFT(X) is 

identical to that of its real (or imaginary) part if pR(X) and pI(X) are identical and 

reflection-symmetric, or 
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)(YRY SQNRSQNR   (12) 

In other words, Property 7 implies that we only have to consider the real (or 

imaginary) part while estimating the SQNR of an FFT implementation. Note that 

assuming pR(X) and pI(X) identical as well as reflection-symmetric for the input X of FFT is 

not uncommon; especially for today’s digital communication systems (e.g., [36, 37]). 

The interleaved input signal of FFT can thus be considered as an identical and 

reflection-symmetric independent random variable. Therefore, the input signal to the FFT 

are commonly modeled with either the uniform distribution or the normal distribution 

(with μ=0) [11, 26]. 

Unless specified otherwise, either the real or imaginary part of the input signal is 

assumed a discrete random variable that is independent from each other and is uniformly 

distributed within [-1, 1) in the rest of this paper. Fig. 2 gives an example of the PMF for 

a 6-bit random variable with a uniform distribution. 

4.2 Butterfly Analysis 

A radix-2 butterfly consists of two arithmetic operations: an addition (or subtraction) 

and a twiddle factor multiplication. For the addition operation          , where A 

and B are two independent random variables with the PMFs pA and pB respectively, the 

PMF of Z can be given as 
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The resulting PMF pZ is called the convolution of the PMFs of A and B. Similarly, 

the PMF of the subtraction operation can be derived in the same way. 

 
Fig. 2. PMF of a 6-bit random variable with a uniform distribution. 
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Based on Property 3 and Property 4, the PMF of the FFT output can be obtained by 

iteratively applying (13) for a proper number of times. For instance, Fig. 3 shows the 

PMF of the output at each stage for the ideal 4-point FFT where the x-axis shows the 

data value and the y-axis indicates the occurrence probability. 

4.3 Saturation Analysis 

A saturation operation clamps the output between a maximum (max) and a 

minimum (min) representable value, which are determined by the given number format. 

For example, if the number format is 6b4f, (max, min) equals to (7.75, -8). For the 

saturation operation Y = S (X), the PMF of Y can be calculated as 
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As previously mentioned, overflows may occur if the bitwidth of the integer part is 

not increased at a butterfly stage. The saturation logic eliminates those overflows and 

thus reduces computation errors (noises). When saturation is in use, (14) can help 

accurately model the probability distribution of the output. 

4.4 Truncation Analysis 

A truncation operation approximates a fixed-point input value x with the output 

value trunc(x) by discarding a specific number of x's LSBs. For example, given a value 

of 011101 in 6b3f format (3.625), the truncated value in 4b3f format is 0111 (3.5) by 

discarding the trailing two bits. The truncation operation Y = T(X) generates the output 

 

Fig. 3. The derived distributions for the 4-point FFT. 
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value in mbnf number format with a minimum scale  of 1/2
m-n

, and thus the PMF of Y 

can be expressed as 





yxy

XY xPyP )()(  (15) 

As previously mentioned, truncations are mandatory if the bitwidth of the fractional 

part is decreased at a butterfly stage due to the fixed wordlength constraint. Then (15) is 

used to precisely model the probability distribution of the output after truncation. 

4.5 SQNR Estimation 

To demonstrate the effectiveness of the proposed static probability-based analytical 

method, the output SQNR is estimated by both analysis and simulation. To estimate the 

output SQNR analytically, we need to know the PMFs of the ideal noise-free output X 

and the actual output Y = g(X), where g can be truncation, saturation, or a combination of 

two. Assume the wordlength is unlimited so that neither overflow nor truncation may 

occur, the PMF of X (i.e., pX) can then be obtained through derived distribution analysis. 

However, because the wordlength cannot be unlimited in a realistic implementation, the 

PMF of the actual output Y is very likely to be different from pX due to saturation and 

truncation. Hence, the output SQNR can be estimated as 

)(log10 10

noise

signal

Power

Power
SQNR   (16) 

where the power of the ideal output signal X can be given as 

 
x Xsignal xpxPower ))(( 2

 (17) 

and the power of the noise can be calculate as 

))())((( 2 xpxgxPower Xxnoise   (18) 

Take the 64-point FFT with the uniformly-distributed input in 12b1f format as an 

example and assume the entire computation process is error-free except that the final 

output value is saturated and truncated to fit in a specific number format. Table 1 reports 

Table 1. Analysis for different output formats in 64-point FFT 

Output format Value range Min. scale SQNR (dB) 
Overflow 

probability (%) 

12b7f [-64, 64) 0.0313 48.17 0 

12b6f [-32, 32) 0.0156 54.19 5.53E-11 

12b5f [-16, 16) 0.0078 42.49 4.86E-2 

12b4f [-8, 8) 0.0039 16.14 8.33 
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the SQNR and overflow probability for four different number formats. It is evident that 

the format 12b6f achieves the best SQNR among four candidates. The reason why 12b6f 

outperforms 12b5f and 12b4f is its extremely low overflow probability compared to the 

other two counterparts since overflows usually induce large errors even if saturation is 

employed. However, though there is no overflow in 12b7f at all, it still results in a lower 

SQNR than 12b6f. It is because the longer fractional part (i.e., smaller minimum scale) 

of 12b6f has a lower truncation error that can make up the minor accuracy loss due to 

saturation. Besides, the above analysis again suggests that increasing the integer part by 

one bit for every radix-2 butterfly stage is not always the best idea. 

In addition to static analysis, simulation is also used to calculate the SQNR and 

overflow probability, and the comparisons are given in Table 2. For each output format, 

it takes about 12 hours for simulation with 21.6 million randomly generated input sets. 

Table 2 indicates that the difference in SQNR is very small (less than 0.15 dB) and the 

overflow probabilities estimated using the two methods are also extremely close. 

Therefore, it is clear that the probability-based analysis in minutes can achieve the same 

outcome against simulation in hours. 

5. SCALING OPTIMIZATION 

In this section, we focus on how to make scaling decisions from stage to stage, and 

then propose our scaling optimization flow. 

Since the wordlength is fixed, the number of representable values at each stage is 

always the same. Therefore, a scaling decision that determines the output number format 

has to be made at each stage. Based on the probability model and the derived 

distributions of butterfly, saturation, and truncation operations presented in Section 4, we 

further propose an algorithm that can efficiently evaluate different scaling options (i.e., 

number formats) at a stage and then determine the one with the highest output SQNR. 

5.1 Scaling Decision 

Again, we first take the radix-2 FFT as an example. If the input format is mbnf for 

some stage, it would be better to set the output format of that stage as (m+1)b(n+1)f to 

minimize errors. However, in a fixed-wordlength implementation, the output can merely 

Table 2. Comparisons between analytical method and simulation method 

Output format 

Analytical method Simulation method 

SQNR (dB) 
Overflow 

probability (%) 
SQNR (dB) 

Overflow 

probability (%) 

12b7f 48.17 0 48.17 0 

12b6f 54.19 5.53E-11 54.20 0 

12b5f 42.49 4.86E-2 42.34 4.98E-2 

12b4f 16.14 8.33 16.13 8.34 
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be represented using m bits, which leaves only two options: 1) moving one bit from the 

fractional part to the integer part (i.e., mb(n+1)f); or 2) keeping the output format the 

same as the input one (i.e., mbnf). Apparently, the former results in no overflow but 

suffers more serious truncation errors, whereas the latter induces relatively smaller 

truncation errors but may experience saturation errors due to overflow. It is really hard to 

tell which one is better unless their corresponding SQNR values are known. 

Instead of applying time-consuming simulation, the efficient probability-based 

techniques presented in Section 4 are used for SQNR estimation stage by stage. Assume 

the input format is mbnf in the current stage and the PMF of the ideal noise-free output in 

(m+1)b(n+1)f format is pI. Next, if mb(n+1)f format is selected, the PMF of the truncated 

output pT can be obtained through (15) and pI. Similarly, if mbnf format is selected, the 

PMF of the saturated output pS can be obtained through (14) and pI. Besides, the SQNRs 

for both options can also be calculated through (16)~(18). At last, the better number 

format can then be determined for the output of this stage and the corresponding PMF is 

used as the PMF of the input for the next stage. Fig. 4 presents an example case 

illustrating the differences between PMFs of the two scaling options, in which the input 

is in 5b3f format. 

 
Fig. 4. Differences in PMFs for two scaling options. 
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The above procedure can certainly handle a butterfly with higher radix. For example, 

for a radix-4 butterfly stage, the output needs two more bits in the integer part to avoid 

overflows at all. Hence, there are three scaling options available for a radix-4 stage, i.e., 

moving 0~2 bits from the fractional part to the integer part. In fact, there are (log2r)+1 

scaling options for a radix-r stage. Nevertheless, no matter what the value of r is, our 

probability-based approach can always find the best choice (with the highest SQNR) 

among various candidates. Fig. 5 gives the flow of the proposed scaling decision method 

for a radix-r stage. 

5.2 Scaling Optimization Flow 

Fig. 6 illustrates the overall flow of our scaling optimization algorithm. Given FFT 

size (N) and radix (r) of the FFT as well as number format (Q) and PMF (P) of the 

primary input, the proposed algorithm can find the best output number format for one 

stage at a time. At Stage s, the noise-free output PMF P' after a radix-r butterfly 

operation with the input PMF P can be derived using the methods presented in Section 

4.2. Next, given P' and the fixed wordlength constraint, the techniques for scaling 

decision described in Section 5.1 can thus find out the best number format Qs for Stage s 

as well as the corresponding output PMF Ps. If Stage s is not the last stage, then Ps and Qs 

become the PMF and number format of the input to the next stage. This process is not 

terminated until the output number format of every stage is determined. 

 
Fig. 5. The proposed scaling decision flow for radix-r butterfly. 
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The time complexity of the proposed algorithm is O(Nf  Ns  2
w
) for the N-point 

radix-r FFT with a fixed wordlength w, where the number of candidate formats Nf equals 

to (log2r)+1 and the number of butterfly stages Ns equals to logrN. 

6. EXPERIMENTAL RESULTS 

The proposed scaling optimization algorithm has been implemented using 

MATLAB. Given FFT size, radix, fixed wordlength, number format of the input, PMF of 

the input, our tool can suggest the number format of the output for every butterfly stage 

in just a few minutes (even seconds). 

To evaluate the effectiveness and efficiency of our scaling optimization algorithm, 

we have conducted a series of experiments and compare our results with those of other 

existing techniques. All experiments were conducted on a Linux workstation with an 

Intel dual Pentium Xeon 2.5GHz CPU and 32GB RAM. 

6.1 SQNR for Varied Configurations and FFT Sizes 

Fig. 7 shows the SQNR results for all 256 possible scaling configurations of the 

256-point radix-2 FFT with a 12-bit wordlength, and the input is uniformly distributed 

within [-1, 1) in 12b1f format. It totally takes about 68 hours to complete the whole 

MATLAB simulation, in which the SQNR of each configuration is estimated by one 

thousand sets of randomly generated input data. 

 

Fig. 6. The proposed scaling optimization flow. 
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In Fig. 7, a scaling configuration is encoded with an 8-bit ID indicating the 

corresponding scaling decisions at 8 consecutive butterfly stages. A '1' at the k
th

 most 

significant bit of an ID indicates the integer part of the output is increased by one bit at 

the k
th

 stage, while a '0' implies no format change. For example, in the configuration with 

ID = 245 (11110101), the bit counts of the integer part are 2, 3, 4, 5, 5, 6, 6, and 7 

respectively from the first stage to the last. Fig. 7 reports that the configuration with ID = 

245, which is exactly the one selected by our algorithm, achieves the best SQNR of 

42.75dB. That is, for the 256-point radix-2 FFT, our method merely needs seconds to 

identify the best solution while simulation requires days instead. This performance gap is 

getting bigger as the FFT size increases. 

Furthermore, the configuration with ID = 255, which increases the integer part by 

one bit at every stage (i.e., the scheme suggested by Oppenheim et al. [12]) only achieves 

an SQNR of 35.39dB. It is also evident that a configuration with a larger ID tends to get 

a higher SQNR. The primary reason is that increasing the integer part at earlier stages 

effectively suppresses large errors induced from saturation. Nevertheless, though the 

Oppenheim’s strategy generally results in a fairly good solution, it still leaves a big room 

for further improvement as Fig. 7 suggests. 

Fig. 8 illustrates the SQNR comparisons among three different scaling approaches 

in terms of various FFT sizes and radices. Again, the input is uniformly distributed 

within [-1, 1) in 12b1f format. Fig. 8 indicates that the output SQNR is always dropped 

as the FFT size increases due to the fixed wordlength constraint for all three methods. 

The Oppenheim’s method and ours are both static. Fig. 8 shows that our approach always 

outperforms Oppenheim’s no matter what the radix is, and the advantage is getting 

bigger as the FFT size grows. The reason is that Oppenheim’s decreases the fractional 

part by one bit at each stage and thus suffers larger quantization errors than ours. 

Meanwhile, the BFP algorithm [1], a dynamic scaling technique, achieves slightly better 

results than ours. However, as mentioned before, a BFP-based implementation demands 

an extra hardware unit, which definitely makes a negative impact on area, latency and 

power consumption. 

 
Fig. 7. SQNRs of all scaling configurations for 256-point radix-2 FFT. 
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(a) Radix-2 FFT 

 
(b) Radix-4 FFT 

 
(c) Radix-8 FFT 

Fig. 8. SQNR vs. FFT size (12 bits). 
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6.2 SQNR for Varied Wordlengths and Distributions 

Table 3 presents the scaling optimization outcomes of our algorithm for the 

8192-point radix-2 FFT with a varied wordlength w, and the input is still uniformly 

distributed in [-1, 1) in wb1f format. Our algorithm merely requires 0.04 to 127.2 

seconds to complete scaling optimization for the wordlength varying from 8 to 16 bits. 

Table 3 clearly shows that our algorithm significantly outperforms Oppenheim’s [12] for 

all wordlength settings. 

Fig. 9 illustrates the SQNR comparisons among different scaling approaches in 

terms of wordlengths and radices. From Fig. 9, it is observed that our approach can save 

about 3~4 bits of wordlength but still achieves a same SQNR target as compared with the 

Oppenheim’s. To demonstrate what difference a wordlength of 3 bits can make, we 

implemented both the 11-bit and 14-bit 100MHz 8192-point radix-2 FFT hardware 

modules using TSMC 180nm technology and Synopsys DesignWare. Table 4 gives the 

comparisons between them as well as shows that the improvements are very significant 

in terms of area, power, and memory bits. In addition, Fig. 9 indicates that our technique 

achieves a similar quality of result (QoR) for all combinations of various wordlengths 

and radices as compared to the BFP-based dynamic scaling approach [1]. 

Fig. 9(b) also shows that Ramakrishnan’s approach [13] seriously underperforms 

than the others. It is because the Ramakrishnan’s method expects a normally distributed 

input. Hence, we conducted another set of experiments on the 8192-point radix-4 FFT 

with the normally distributed input within [-1, 1). Fig. 10 presents the SQNR results if 

the standard deviation () is set to 0.2 and 0.4. The Ramakrishnan’s method performs 

nearly as well as ours if  = 0.2, whereas it again seriously underperforms if  = 0.4. 

Table 3. Scaling optimization outcomes for 8192-point radix-2 FFT 

Wordlength 

(bit) 

Integer bits of each stage Runtime 

(second) 

SQNR 

(proposed) 

SQNR 

[12] 
1 2 3 4 5 6 7 8 9 10 11 12 13 

8 2 3 4 4 5 5 6 6 7 7 8 8 9 0.04 18.08 dB -3.75 dB 

9 2 3 4 4 5 5 6 6 7 7 8 8 9 0.06 23.70 dB 2.14 dB 

10 2 3 4 5 5 6 6 7 7 8 8 9 9 0.07 27.47 dB 8.11 dB 

11 2 3 4 5 5 6 6 7 7 8 8 9 9 0.11 33.47 dB 14.10 dB 

12 2 3 4 5 5 6 6 7 7 8 8 9 9 1.60 39.50 dB 20.13 dB 

13 2 3 4 5 5 6 6 7 7 8 8 9 9 3.52 45.51 dB 26.15 dB 

14 2 3 4 5 5 6 6 7 7 8 8 9 9 18.36 51.50 dB 32.16 dB 

15 2 3 4 5 5 6 7 7 8 8 9 9 10 44.44 55.28 dB 38.18 dB 

16 2 3 4 5 6 6 7 7 8 8 9 9 10 127.20 60.83 dB 44.18 dB 
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(a) Radix-2 FFT 

 
(b) Radix-4 FFT 

 

(c) Radix-8 FFT 

Fig. 9. SQNR vs. wordlength (8192-point). 
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Fig. 11 SQNR vs. standard deviation (radix-4, input in 12b1f). 

 

 
(a)  = 0.2 

 
(b)  = 0.4 

Fig. 10. SQNR vs. wordlength (radix-4, normally distributed input). 
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Fig. 11 illustrates the SQNR outcomes for various standard deviations from 0.05 to 

0.5. It is evident that the BFP-based method and ours are relatively insensitive to the 

changes of standard deviation. On the contrary, the value of standard deviation makes a 

tremendous impact on the performance of both the Oppenheim’s and the Ramakrishnan’s. 

As expected, the smaller the standard deviation is, the worse the performance of the 

Oppenheim’s is. Since a smaller deviation suggests a lower occurrence probability of 

overflow, it should not be a good idea to increase one (two) bits of the integer part for 

every radix-2 (4) butterfly stage. 

6.3 SQNR for a Real Case Study 

In this experiment, we use a piece of 16-bit 11 KHz audio in WAV format from 

Wikipedia [38]. The PMF of the audio data is given in Fig. 12, which is very close to a 

normal distribution with a mean of zero and a standard deviation of 0.168. Table 5 

presents the number of integer bits of each stage and the scaling optimization outcomes 

for 256-point radix-2 FFT. Oppenheim’s method [12], which increases the integer part by 

one bit for every single stage, gives a moderate result (SQNR=46.07dB). Ramakrishnan’s 

method [13], which increases the integer part by one bit for every two stages, suffers a 

serious overflow problem under this particular input and the resultant output SQNR is 

thus extremely low (10.18dB). Since the additional scale factor tables in BFP determine 

an appropriate number format by detecting the largest value for each block, the 16-bit 

wordlength is long enough to preserve the high accuracy and significantly diminish the 

chance of overflow. Thus, the BFP method [1] achieves the best SQNR result. 

Meanwhile, if a uniformly distributed input is assumed in our proposed method (not the 

correct distribution), the output SQNR can achieve 51.75dB, which is still much higher 

than that of the Oppenheim’s method [12]. Moreover, if the correct PMF of that piece of 

Table 4. Hardware comparisons for 8192-point radix-2 FFT at the same SQNR constraint 

8192-point radix-2 

FFT (100MHz) 

Proposed 

(11-bit) 

Oppenheim [12] 

(14-bit) 
Reduction 

Area (m2) 85,771.2 129,852.7 33.65 % 

Power (mW) 1.9229 2.6302 26.89 % 

Storage (bit) 180k 229k 21.41 % 

 

 
Fig. 12. The PMF of the piece of music. 
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music (normal distribution with a mean of zero and a standard deviation of 0.168) is used 

in the analysis, the resultant output SQNR is even better (54.04dB). The experimental 

results here demonstrate that our proposed method can offer excellent quality of result if 

the PMF of the input is known in advance. Even if the PMF of the input is unknown, the 

quality of result is still fairly good in this experiment when compared with those two 

previous static scaling works. 

7. CONCLUSION 

In this paper, we present an efficient static scaling technique for output SQNR 

optimization targeting FFT processor designs with the fixed wordlength constraint. 

Unlike most of conventional methods, it relies on fast probability-based analysis instead 

of time-consuming simulation to precisely model the noises induced from quantization 

and saturation. It works with various FFT sizes, radices, wordlengths, and most 

commonly presumed input distributions. The experimental results clearly show that the 

proposed technique is superior to existing static scaling approaches in all circumstances 

[12, 13]. Specifically, our technique can generate an 8192-point radix-2 FFT 

implementation with three bits shorter in wordlength than Oppenheim’s method [12] 

while still achieving the same output SQNR, which implies a significant improvement in 

area, latency, and power consumption. Besides, it generally performs as nearly well as 

the BFP-based dynamic scaling technique [1], which requires an extra hardware unit. 

Therefore, we believe our fast static probability-based scaling optimization technique is 

very practical and helpful for creating area-efficient fixed-wordlength (e.g., 

memory-based) FFT processor designs. 
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