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Abstract—Decision making in a semistructured or unstructured problem should consist of a 

combination of solution procedures, probabilistic reasoning, and human judgments. Such processes mostly 

involve in evaluating multi-objectives or attributes while making decisions. In addition, they are always 

complied with the decision makers’ inward probabilistic structure, which will be tedious without the 

assistance of Decision Support System. In this study, a novel mechanism for Multi- intelligent Agents to 

reflect probabilistic reasoning from domain experts, negotiate among decision groups, share mutual 

information, and evaluate multi- decision variables to generate corresponding unique solution was 

proposed. The decision makers’ reasoning experience and styles are configured by the Interior Bayesian 

Belief Network (BBN), pooling factors, and adaptation parameters while employing Intelligent Agents to 

negotiate and evaluate events coordinately. The negotiation mechanism is based on information theoretic 

measurements to automatically pool group members’ opinions and then trigger self-adaptations of agents. 

Exterior BBN also exhibits the dependence of group members in order to model the mutual impacts among 

them. Finally, an illustrative example was presented, in which the characteristics of the proposed system 

was clarified. 
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1. INTRODUCTION 

Recent advances in data gathering, storage and distribution technologies have far outpaced the 

technologies for helping today’s organizations analyze, understand and utilize the information in the 

decision- making processes. In such information age, useful information for decision making may be 

within multiple organizational databases, which in turn may be distributed over many different 

facilities, in different forms and at different geographical locations. Therefore, in today’s ever-changing 

business climate, organizations are forced to make their decisions based on knowledge captured from a 

wide variety of different organizational information sources. Under such manner, while proceeding 

decision- making, decision makers will attempt to retrieve much information from related domains, 

especially in semi- or un- structured problems. 

After consulting exterior sources, such as human beings, models, and machines, the decision 

makers will combine with their own perception to generate final solutions. This is a generic problem 

with applications everywhere: business/economics, the military, and the medical profession. Such 

scenario can be normally decomposed to several related subproblems, which involve in combining 

forecasts, pooling information, and achieving consensus from several experts [1][2][3][4]. Furthermore, 

the decision- making or information- offering during combining or pooling process is not entirely 

independent. For example, while discussing some issues among groups, the members will have mutual 

impact on each others, which is partially because of their similar discipline, managerial positions, 

confidence level on decisions, abilities for retrieving information, and so on. These interactions of 

individual group members in influencing an individual’s decision making and even preference 

formation processes represents a critical perspective while pursuing the consensus among groups. 
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Based on Simon’s idea, decision- making processes fall along a continuum that ranges from 

highly structured to highly unstructured decisions where semistructured or unstructured problems are 

usually complied with the decision makers’ inward probabilistic structure [5]. Such structure can be 

constructed with causal diagram, Bayesian Belief Networks, to model the relationship of the decision 

variables, and then exhibit the ability of inference. Moreover, since the intelligent agent could be 

modeled and served as a domain expert in order to support and leverage the decision making process 

for human beings, implementing the inference mechanisms into such software agent would also 

leverage its decision supporting ability. Therefore, constructing a decision model for intelligent agents 

with BBN to coherently inference and negotiate for dependent decision makers, and trying to reach a 

consensus are the main motivations of this study. Such comprehensive Multiagent model will possess 

negotiating, adaptation/ learning, and probabilistic inference abilities for conducting the coordinative 

decision making tasks. 

The rest of the paper is organized as follows. In section 2, the related works are briefly reviewed. 

The characteristics and methodologies of the proposed model are described in detail in section 3. In 

section 4, the illustrative example is raised and the results are shown. Finally, a conclusion is given in 

section 5. 

2. RELATED WORKS 

Bayesian Belief Networks (BBN), advent by Pearl [6][7], have become an important paradigm for 

representing and reasoning with respect to uncertainty. A BBN is a directed acyclic graph (DAG), 

which consists of nodes as various variables. Such nodes are connected in a single direction, which 

results in a correspondent parent-child dependent relationship. However, those connected nodes are 

structurally independent if they are d-separated [8], which dominates BBNs’ inference ability and also 

reflects decision variables’ relationship. Since BBNs utilize graphical representations of uncertain 

knowledge, it implies three perspectives while making decisions. First of all, the structure of the graph 

forms qualitative relationships between domain variables. Secondly, quantitative aspect of knowledge 

is represented by a set of conditional probability tables. Finally, the nodes of BBNs reflect these 

qualitative and quantitative relationships in the influence graph [9][10][11][12]. Accordingly, BBN 

could be employed to simulate human decision- making procedures, especially in multi- variables 

problems [13][14][15][16]. However, although much research was conducted to construct BBNs, their 

topologies were usually assumed to be unchanged during the applications. Since the decision making 

environments are ever changing, such topology should possess the ability of adaptation. This is the first 

concern in this study. Moreover, due to the complexity of traditional decision making, it reveals the 

need of intelligent agents to achieve better quality and performance. 

Agent technology has been applied in many domains and approved to accomplish complex task 

for human beings [17][18][19][20][21]. While forming a multiagent society, the abilities of 

coordination, cooperation, and learning dominate the agents’ intelligent functions [22][23][24][25]. 

However, the structures from available literature can not offer probabilistic reasoning, which is 

regarded as the most important ability of human experts. Furthermore, evidences from both theoretical 

analysis and observations of human interactions suggest that if agents can somehow consider what 

other agents are thinking and further learn during their interactions, their payoff might increase [26]. 

An embedded BBN agent is, therefore, proposed to perform negotiation with the ability of learning 

during group decision process. 

Group decision process relies on exhaustive negotiation, where members would possess two main 

types of influence on each other’s behavior: informational influence and normative influence 

[27][28][29]. BBN with probabilistic inference diagram can be employed to perform such influence. 

Employing BBN to construct human experts’ probabilistic inference style or model can be configured 

with various elicitation methods. In the available literature, the common procedures of elicitation 

methodologies could be that investigators ask participants about the mean, median and mode for a 

parameter. Participants had been asked to estimate the probability of an outcome/event, the proportion 

of individuals who will have an outcome, the relative risk of an outcome, the value for a dependent 

variable given specified values for independent variables, and their weight of belief. Commonly used 
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response options include direct probability estimates, visual analog scale, and sketching of a graph. 

Methods used to illustrate the elicited beliefs include line graphs, histograms, probability density 

functions, and cumulative distribution functions [30][31][32][33][34][35]. Therefore, while 

constructing multiagent society, multiply sectioned Bayesian networks provide a coherent framework 

for probabilistic inference [36][37][38]. In this study, similar structure will be employed to present 

agents’ coordination, cooperation, and learning within groups. However, the distinct aspect of this 

proposed model is that even the coordination relationships are also implemented to more appropriately 

reflect the real world. 

Much research focuses on the assessment and combination of subjective probabilities while 

modeling group decision procedures with probability distribution from each expert [39][40][41]. The 

dominant methodology of this approach is Bayesian procedure, which was initiated by Morris [42]. 

Jacobs reviewed related statistic combination methods and categorized them into two perspectives: 

supra Bayesian procedure and linear opinion pooling [3]. Supra Bayesian perspective has been 

proposed to develop opinions’ or estimations’ combination methods [1][2][42][43][44][45][46][47][48]. 

However, none of the above employed BBN to represent the topology and relationship of decision 

variables in order to obtain insight graphically. 

While treating pooling or combination, Levy and Delic derived such procedures according to 

maximum entropy inference, which is assumed that experts’ opinions are joint random variables [2]. 

This assumption was also taken by Mostaghimi that employed information theory to overcome opinion 

combination [1][44]. In addition, relative entropy was used to measure the amount of information in 

data from one state of information to another [49][50]. Jiroušek and Kushmerick adopted similar 

entropy to measure the divergence of model and experimental results while constructing BBN [31]. 

Although the available literature had conducted the opinion combination, the opinions cannot be 

considered identical in the real world. In the proposed model, the impact powers of all the opinions 

generated from the group members would be identified in order to make the model be more close to 

reality. 

Based on the discussions above, the most important and distinct aspect of the proposed 

mechanism is that it could require the information of the group members with the assistance of BBN 

topologies. Therefore, the dependence and the mutual impact among the decision makers are also 

incorporated. Moreover, the flexibility of adaptation is represented through the set of selected 

parameters, which will adapt the topology of each BBN automatically. Overall, there are three types of 

information used in this proposed model to generate the final decisions: the interior evaluation styles 

for judging events, the social of exterior impacts among agents, and the willingness of adaptation with 

respect to other sources. By integrating the above perspectives, this proposed model can offer a 

visualized decision making structure for intelligent agents, since the fused information can be easily 

tracked based on the topologies of BBN before and after negotiations. 

3. METHODOLOGY 

There are n Intelligent Expert Agents( IEA) employed to judge one interesting variable, T={Tt: 

t=1,…,M}, which possesses M statuses. BBN is employed to represent each IEA’s knowledge or 

experience about T. Intuitively, such BBN is supposed to have identical decision factors and connection 

topology, which dominate the judgment of interesting variable. It is very common if such set of factors 

are mutually accepted and approved to be stark evidence by all of the domain experts. However, 

although each IEA’s BBN has identical topology, the conditional probability of the influence diagram 

would not be the same due to the different probability inference based on individual experience or 

knowledge. Accordingly, all the IEAs in such group will generate non-homogeneous evaluation of T. 

The proposed method would, therefore, pool their opinions in order to reach consensus or to improve 

individual judgment. In addition, dependence of IEA is expected as well because of organizational 

policy, past performance of particular expert, or relative confidence. The following systematic 

procedures are constructed under the above scenario. 

 

3.1 IEA’s Interior Inferential BBN for variable estimation 
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Supposed there are k decision factors, which are denoted as dvi ,i=1,…,k, to estimate the interesting 

variable T. Each IEA possesses identical BBN topology as illustrated in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Interior BBN example for IEA 

 

Under such configuration of BBN, the IEA’s inference opinion would be performed by the chain rule 

of BBN first and, then, generated with the probability distribution of T. For example, because the 

universe of variables in Figure1 is U={ dv1, dv2,…, dvk, T}, the joint probability distribution is given as 

follows: 

  ))(|( TordvparTordvPUP 
                     (1) 

where par(•) denotes parents of variables in the parentheses.  

By following the chain rules, each IEA’s BBN may generate non-homogeneous judgment based on 

corresponding probability configuration. Therefore, the judgment of evaluating T could be generated as 

P
*
=( *

1P for T1, 
*

2P  for T2,…, *

MP  for TM), which procedure is given as follows: 

)/|(maxarg ** TUTPP jj                                 (2) 

for some j, Mj ,,2,1  . After applying equations (1) and (2), Pj
*
 can then be generated and its 

corresponding set of all the decision factors’ statuses, U
*
/T={dv1

*
, dv2

*
,…, dvk

*
} , can also be identified 

and used for generating the estimated probability distribution of T as follows. 

P
*
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1P , *

2P ,…, Pj
*
,…, *

MP |U
*
 / T)                              (3) 





M
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1

* 1
                                                  (4) 

As a result, this kind of estimated information of T is used to negotiate with other IEAs in order to pool 

all opinions for reaching a consensus. 

 

3.2 Exterior BBN and Dependence of Intelligent Expert Agents 

Group members in an organization usually utilize identical interior and exterior information to 

obtain a judgment or decision, and thus are probably statistically dependent with others. Since each 

IEA in a decision group is devoted to estimate the interesting variable, its estimation or probability 

distribution of T would have some degree of impact on others if they were dependent. In order to reveal 

this kind of mutually dependent characteristic in the proposed system, BBN is again employed. 

Since BBN is a DAG, each node inside is represented as an IEA and regarded to be a single variable, 

which values are taken among Ti, i=1,2,…, M. Moreover, the directed arcs or connections in such a 

BBN are treated as the dependence between two connected nodes. In details, IEAi is connected to IEAj 

means that expert agent j’s decision or estimated value of T will be influenced by expert agent i. 

Furthermore, they would have conditional probability to portray their dependence. 

Under such manner, the joint probability mass function by following the chain rule of BBN can be 

obtained as equation (5), if there are four IEAs illustrated in Figure 2. 

 

 

 

 

 

 

Figure 2. Exterior BBN example 
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The Bayesian Network illustrated in Figure 2 is denoted as Exterior BBN, which are configured 

according to the dependence among IEAs while all the IEAs in the decision group are negotiating with 

each others. In addition, IEA1’s judgment is conditionally independent with others; however, IEA1, IEA3, 

and IEA4 exhibit a dependent scenario. Accordingly, the conclusion of IEA4 tends to depend on the 

issued estimations from IEA1 and IEA3. 

In short, Exterior BBN is configured while IEAs negotiate the estimations of T, and also produces 

the joint probability mass function in order to analyze the pooling estimating probability distribution 

towards T. The procedure is constructed in the next section. 

 

3.3 Pooling IEAs’ estimations 

 

In order to proceed negotiation among all the IEAs, any IEA should collect all other IEAs’ 

estimations, which are regarded as evidences to generate the pooled probability distribution of T. This 

procedure is constructed as follows: There are n IEAs, which contributes their opinions via negotiation 

in group decision-making process. The probability distribution of T for each IEA’s judgment is denoted 

as ej, j=1,2,…, n. Each ej is going to pool with others among group and, then, generate the pooled 

probability mass functions: 

 
),,,( 2211 MM TforPTforPTforPP 

                       (6) 

Accordingly, a conditional probability density function, 

),,,,,|( 21 njj eeeePf                                             (7) 

is used to measure the likelihood of P  at j
th

 IEA, given all the evidences collected from other IEAs 

from negotiation. The Bayes’ rule is, hereby, employed to expand such likelihood function as: 

),|,,,,,,(*)|(*),,,,,|( )1()1(2121 jnjjjnjj ePeeeeefPefeeeePf        (8) 

where κ is a normalizing factor. However, since IEAj has collected other IEAs’ information to generate 

the pooled distribution for T, it is assumed that IEAj’s opinion cannot influence back toward others. 

Thus, 

)|,,,,,,(),|,,,,,,( )1()1(21)1()1(21 PeeeeefePeeeeef njjjnjj            (9) 

In order to assess the likelihood functions in (8) and (9), the relative entropy information measure is 

employed [49], where for two probability mass functions ej and P defined on the same space, the 

amount of information gained from state ej to state P can be illustrated as: 
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jj
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e
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                                              (10) 

where k denotes the status of T. ),( PeI j
is called the Kullback’s information measure, which is a 

positive continuous convex function of its arguments ej and P . When ej is equivalent 

to P , ),( PeI j
would equal to zero and allude no information further. In addition, given ej to be a 

known probability mass function, which is derived from equations (2), (3), and (4), ),( PeI j
 is a 

continuous random variable of P , which takes on non-negative values. The relationship 

of ),( PeI j
and )|( Pef j

has been empirically presented by Sanov as follows [44]: 

))]}(ln(),([exp{)|( nOPeInPef jj                             (11) 

where n is the sample size and ))(ln(nO is a function of n such that     nnO ln/ln  is bounded 

for large n. Thus, for a given sample size n, likelihood function )|( Pef j
is an exponential function of 

the random variable ),( PeI j
. In fact, it then could be generalized if we assumed that the positive and 

continuous random variable ),( PeI j
has an exponential probability distribution with certain parameter 

of λj. Therefore, Sanov’s derivation could imply: 

)),(exp()),(()|( PeIPeIfPef jjjjj                          (12) 

For convenience, ),( PeI j
 is denoted as Ij. Since the Kullback’s information measure is additive, 
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)|,,,,,,( )1()1(21 Peeeeef njj  
 is, therefore, converted to be: 





 
n

jk
k

kparknjj IfPeeeeef
1

)(|)1()1(21 )()|,,,,,,( 
                  (13) 

)(| kparkI can be treated as the joint information measure of IEAk taking into account of the 

dependence to other IEAs, which relationship is determined by Exterior BBN.  
Mostaghimi had derived ranked dependent sources’ total information measure as [1]: 

1,),2(),1(1,),2(),1(,1,),2(),1(|    kkkkkkkkk IIII                      (14) 

The above equation derivation is distribution free, however, it requires information in the form of joint 

probability mass functions. The subscripts indicate the rank of importance of sources, and, thus, present 

their mutually dependence. The more important source will have impact on the less important one 

while they are pooled to make group decisions. In this study, equation (14) is adapted to resolve the 

dependent information measure
)(| kparkI among the decision group as follows: 

)()(,)(| kparkparkkkpark IIII                                       (15) 

where )()(, kparkpark II   represents the marginal information of IEAk resulting from the dependence 

relationship determined in Exterior BBN. 
Based on the Exterior BBN, the joint probability mass function, which is consistent with the 

dependence among IEAs, is determined while all the IEAs meet to negotiate. By reformulating the 

equation (5), the joint probability mass function can be derived and denoted as: 

eD = ))(|( kpareP k

Dk




                                             (16) 

where D is the union of certain mutually dependent IEAs in Exterior BBN. Thus, 

)()(, kparkpark IandI  can be obtained as follows: 
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              (17) 

where s(j) is the status of T, which is evaluated by IEAj.  

Thus, )(

)(,

js

kparke denotes that the joint probability of IEAk with its corresponding parents, par(k), 

where each possess its own evaluated status s(j) = T1,T2,…,TM. Furthermore, )(ks

ke  and )(hs

he denote 

the self-estimated probabilities, which are generated by IEAk and its parent h ( )(kparh ), 

respectively. By applying (8), (9), (12), and (13), the likelihood of P  at j
th
 IEA, given all the 

evidences collected from other IEAs via negotiation, can be expanded as: 






n

jk
k

kparkkparkkparkjjjnjj IIeeeePf
1

)(|)(|)(|21 )*exp(**)exp(**),,,,,|( 
 (18) 

Since such likelihood function of P  is formed by pooling all the IEAs’ estimated probability mass 

functions of T, each iteration of negotiation should determine the distribution of 
j

P  to maximize 

),,,,,|( 21 njj eeeePf  , j=1,2,…, n. That is: 

 ),,,|(maxarg 21 nj

j

eeePfP                                        (19) 

Accordingly, after differentiating fj to obtain its maximum, equation (18) implies: 

)(|

)(|

11

kpark

kpark

j

j
I

and
I

                                        (20) 

By applying equations (18), (19), and (20), each negotiation and pooling result in single iteration 

perceived by IEAj is given by follows: 
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Furthermore, since
)(| kparkj IandI  represent the information measure of IEAj and information 

gained from negotiating with other IEAs, respectively, a subjective pooling factor, 
j , is employed 

to linearly combine such two kinds of information. Thus, equation (21) could be reformulated as 

follows: 

















 



n

jk
k

kparkjjj

j

P
1

)(| )ln()1(lnmaxarg 
                        (22) 

where ]1,0[j .  

While the 
j  approaching 0, IEAj will treat the negotiating information gained among group 

members more significant. Moreover, since 
j

P  is regarded as the result of IEAj at each negotiation, 

this pooled probability mass function is, therefore, treated as a paradigm for adaptation of IEAj’s 

Interior BBN. IEAj would adjust its own opinion while large deviation from other IEAs’ estimated 

status is found. 

 

3.4 Adaptation in individual IEA 

 

After proceeding negotiation within the decision group, one IEA, say IEAj, generate its perceived 

pooled probability mass function, ),,,( 21

j

M

jjj

PPPP  , where 1
1




M

t

j

tP . This information will 

reveal the most common opinion among group. In other words, IEAj regards the pooled probability 

mass distribution
j

P to be the most consistent evidence with group opinions after negotiation. As a 

result, IEAj should perform adaptation towards such group opinions in order to improve its own 

perception on T. 

From equation (22), the pooled probability mass function is given by maximizing the likelihood 

function of 
j

P  given all IEAs’ opinions as evidences, and then used to judge the value of interesting 

variable T coordinately. Under such manner, the decision can be obtained by determining the status of 

T owning the largest probability in
j

P , denoted as
j

Pmax . In order to improve consensus, IEAj should 

adapt its own Interior BBN towards
j

Pmax . Since the adaptation is intuitively subjective, therefore, 

various level for any individual IEA are adapted, which are denoted as 
j , j =.1,2,…, n and 

]1,0[j . In addition, 
j  can reflect the degree of willingness to adapt as well, which possesses 

two extreme values: 
j =1 means IEAj persists unchanged; however, 

j =0 means entirely adaptation. 

Such adaptation strategy is formulated as follows: 
Step 1: Confirm the most consistent configuration based on

j

Pmax  

While the pooled opinion 
j

P of interesting variable T is generated, Tt
*
 with

j

Pmax presents one 

value of variable T with the largest pooled probability. IEAj would recognize Tt
*
 to search for its most 

consistent configuration U*/T, which satisfies the following: 

U*/T= arg max P(Tt
*
| U/T)                                                 (23) 

where U/T is some configuration of IEAj’s Interior BBN and only includes decision variables, dvi , 

i=1,2, …, k.  
In other words, IEAj would search for one configuration of decision variables union, which takes 

on one of their decision values with the largest likelihood function on Tt
*
. That is: 
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)(,,/ iSii dvTUdv   means i
th

 decision variable with its status s(i). The numbers of s(i) 

depends on its corresponding decision variable dvi. If U*/T satisfies equation (23), then: 

},,,{/ )*(,)2*(,22)1*(,11

*

kSkkSS dvdvdvdvdvdvTU                    (24) 

 
Step 2: Subjective adaptation 

As mentioned before, the configuration of Interior BBN would represent the corresponding IEA’s 

knowledge, and then has impact on its decision making. Such configuration is two- fold: one is its 

network topology; the other is its corresponding conditional probability among decision variables. In 

this study, the network topologies are assumed to be unchanged and identical; however, the conditional 

probabilities depend on IEAs’ experience and knowledge. Differences of conditional probability will 

differ IEAs’ decisions and perform different judgments. Under such manner, exterior and interior 

experience may change the conditional probability, and then provide the learning mechanism to IEAs. 

Since
j reflects the degree of willingness to adapt, its different value would lead to different 

adaptations of IEAs. The adaptation procedure is given as follows: 

For some 
TUdv iSi /*

)*(, 
 

jTUdvpardvPTUdvpardvP iSiiSiiSiiSi


))/)(|(()/)(|( *

)(*,)(*,0

*

)(*,)(*,       (25) 

And, 

TUdv iSi /*

)(,   

)(

*

)*(,)*(,

*

)*(,)(, *))/)(|(1()/)(|( iSiSiiSiiSiiSi TUdvpardvPTUdvpardvP    (26) 

where 

1)/)(|( *

)*(,, 


TUdvpardvp
Sr

iSiri  










)*(

)*(,,0

)*(,)(,0

)(
)/*)(|(

)/*)(|(

iSr
Sr

iSiri

iSiiSi

iS
TUdvpardvP

TUdvpardvP


 

S = {r | r takes on one of the decision variables’ statuses} 

P0 denotes the initial conditional probability before proceeding adaptation within each negotiation. 
Step 3: Reevaluate estimated decision 

Employing (2), (3), and (4), the IEAj could reevaluate the interesting decision variable T, and 

formulate its mass probability function. This estimated opinion is generated based on its adapted 

Interior BBN’s configuration, and then employed to negotiate again. The termination of such 

negotiation procedures depends on the pre-assumed consensus strength, Ω, which is measured by the 

likelihood function given in (8). As long as the strength of such likelihood function exceed Ω, which 

means that the consensus level has been satisfied, and further negotiation is regarded to be unnecessary. 

However, if the consensus level has not been satisfied after several iterations, the decision makers 

could adjust their parameters of and in order to increase the likelihood function in equation (8). The 

adjustment steps for IEAj are given as follows: 

Step 3-1: Adjust pooling factor
j and adaptation factor

j  

if ),,,,,|( 21 njj eeeePf  < Ω, for some nj ,,2,1  , then 

Find smaller ]1,0[j  and larger ]1,0[j to further decrease the information entropy: 
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e
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Step 3-2: Reevaluate the likelihood function of ),,,,,|( 21 njj eeeePf   

if ),,,,,|( 21 njj eeeePf  Ω, for some nj ,,2,1  , then 

The consensus is determined to be reached. 
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Else if ),,,,,|( 21 njj eeeePf  cannot be further increased, then 

The consensus is determined to be unreached. 

 

4. ILLUSTRATIVE EXAMPLE 

In order to illustrate the characteristics of the proposed Multiagent system, a numeric example is 

presented as follows: there are three IEAs in a group to evaluate an interesting variable T, which has 

two statuses: T=1 and T=2. The interior BBN, which each IEA employs to inference the value of T is 

commonly presented in Figure 3. Besides, the dependence of group members represented as Exterior 

BBN is constructed in Figure 4. 

 

 

 

 

 

 

 

Figure 3. Interior BBN 

 

 

 

 

 

Figure 4. Exterior BBN 

 

 
In this illustrative example, the computer program was constructed with JAVA. The interface 

was illustrated in Figure 5, which depicted the initial condition of IEA1. Moreover, after proceeding 

the first round of negotiation, the inference results of IEA1 was also shown in Figure 6. Although the 

interior BBN of each IEA is identical, the conditional tables exhibited different inference abilities, 

which are given from Table 1 to 3. There is some literature managing to elicit the conditional 

probability tables from real world domains [30][31][32][33][34][35]. Since the main purpose of this 

proposed model is to derive the pooling mechanism for each individual decision maker, the extension 

of the proposed model to elicit the adequate conditional probability table will be left for the future.  

There are two subjective parameters for each IEA, which are pooling factor,
j , and adaptation 

parameter, 
j , where j=1,2,3. The values of above mentioned parameters are given in Table 4. IEA3 

with the highest pooling factor means it treats the information gained from negotiation with group 

members to have the largest impact on adaptation. In addition, IEA2 possesses the smallest adaptation 

parameter, which means it exhibits the largest willingness to adapt after negotiation. By applying the 

systematic procedures stated in the previous section, the results are illustrated from Table 5 to 11. 

From Table 5, it could be found that IEA3’s initial evaluation is not consistent with others because 

the value of interesting variable with the highest probability is different. After first negotiation, each 

IEAj (j =1,2,3) employs group members’ information to find the pooled distribution 
j

P , which 

maximize equation (22). In such procedure, wj is used to control the impact of information from group 

members on the pooling procedure. While obtaining the pooled distribution
j

P , the pooled value of T 

is then determined as
j

Pmax , which possesses the largest probability in
j

P and regards as the most 

consistent opinion in group. After pooling the opinions, each IEAj is going to determine the most 

consistent configuration set of decision variables in its Interior BBN based on 
j

Pmax , which is denoted 

as U*/T. Employing such configuration, each IEAj then enforce the corresponding strength of arc, i.e. 

the conditional probability, in order to adapt towards group opinions. Different values of 
j would 

reflect the willingness of adaptation from the IEA.  

 

  
IEA1 

IEA2 

IEA3 

dv2 dv3 
dv1 

T 
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Moreover, although IEA3 possesses larger adaptation parameter,
3 , it persists to remain 

unchanged for the largest pooling factor, 
3 . It means that IEA3 treats its own opinion more 

significant than group information, where the impact of negotiation will not work much further. In 

addition, by Exterior BBN shown in Figure 4, the opinion of IEA2 possesses impact on IEA1 and IEA3. 

This influence of dependence is unidirectional and does not feed back to IEA2. Thus, observations in 

Tables 5, 7, 9, 10, and 11 demonstrate that IEA2 proceeds slow adaptation and seems not to be 

significantly influenced by group information. By comparing the values of
j

Pmax in tables 6 and 8, the 

information perceived by IEAs consistently determine the pooled opinion of T to be 1 after second 

negotiation procedure. However, each IEA’s self evaluation still exhibit differently in Table 9, which is 

the interim period while negotiating. After proceeding the 9
th

 negotiation, all the IEAs take the same 

evaluation of T more consistently as Table 11, where the value of interesting variable T is, then, 

determine to be 1 based on the group consensus. The negotiation processes were also represented with 

Figure 7, where the probabilities of considering the interesting variable status equals 1 in each IEA did 

gradually increase and the consensus was almost reached. However, this consensus is not always 

guaranteed while employing IEAs to negotiate since some IEAs might have contradictive opinions 

similar to human beings. This phenomenon could be resulted by the configurations of the Interior or 

Exterior BBN. This example, however, finally reaches its consensus on the evaluation of interesting 

variable, which means the various opinions from all the IEAs could be integrated to be a single 

decision. 

 
Figure 5. Initial condition of IEA1 

 

 
Figure 6. Inference results of IEA1 after first iteration of negotiation 



11 

 

Table 1. Conditional probability table for Interior BBN of IEA1 

Conditional probabilities 
dv3              T 

1 2 1 2 

dv1= 1 0.78 0.29 0.71 — — 

2 0.22 0.55 0.45 — — 

dv2= 1 0.13 — — — — 

2 0.87 — — — — 

dv2=1, dv3=1 — — 0.77 0.23 

dv2=1, dv3=2 — — 0.73 0.27 

dv2=2, dv3=1 — — 0.11 0.89 

dv2=2, dv3=2 — — 0.29 0.71 
 

Table 2. Conditional probability table for Interior BBN of IEA2 

Conditional probabilities 
dv3              T 

1 2 1 2 

dv1= 1 0.17 0.45 0.55 — — 

2 0.83 0.66 0.34 — — 

dv2= 1 0.36 — — — — 

2 0.64 — — — — 

dv2=1, dv3=1 — — 0.74 0.26 

dv2=1, dv3=2 — — 0.69 0.31 

dv2=2, dv3=1 — — 0.23 0.77 

dv2=2, dv3=2 — — 0.25 0.75 

 

Table 3. Conditional probability table for Interior BBN of IEA3 

Conditional probabilities 
dv3              T 

1 2 1 2 

dv1= 1 0.88 0.13 0.87 — — 

2 0.12 0.14 0.86 — — 

dv2= 1 0.22 — — — — 

2 0.78 — — — — 

dv2=1, dv3=1 — — 0.49 0.51 

dv2=1, dv3=2 — — 0.13 0.87 

dv2=2, dv3=1 — — 0.88 0.12 

dv2=2, dv3=2 — — 0.93 0.07 

 
Table 4. Subjective parameters in Each IEA 

 pooling factor adaptation parameter 

j  j
 

Group 

Members 
IEA1 0.22 0.49 

IEA2 0.13 0.13 

IEA3 0.31 0.31 

 
Table 5. Initial evaluations of IEAs before proceeding negotiation 

 Interesting variable (T) 

T=1 T=2 

Initial 

Group Members’ 

Evaluations 

IEA1 0.2946 0.7054 

IEA2 0.4116 0.5884 

IEA3 0.7593 0.2407 
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Table 6. First iteration of negotiation among group members 

IEA1 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

1

P ) 
 

1

maxP  
w1*I 1

-1
+(1-w1)* I 3|2

-1 
T=1 T=2 

Information 

Perceived 

8.7823 0.6275 0.3725 1 

Adapted 

Probability 

U*/T 

={dv1=1,dv2=2,dv3=2 } 

( dv3= 2 | dv1= 1 )= 0.8455 

( T = 1 | dv2= 2,dv3= 2)= 0.5452 

 

IEA2 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

2

P ) 
 

2

maxP  
w2*I 2

-1
+ (1-w2)*( I 1|2+I 3|2 )

-1 
T=1 T=2 

Information 

Perceived 

9.0916 0.1669 0.8331 2 

Adapted 

Probability 

U*/T 

={dv1=2,dv2=2,dv3=1} 

( dv3= 1| dv1= 2)=0.8791 

( T =2 | dv2=2 ,dv3= 1)= 0.9222 

 

IEA3 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

3

P ) 
 

3

maxP  
w3*I 3

-1
 +(1-w3)* I 1|2

-1 
T=1 T=2 

Information 

Perceived 

6.8683 0.1669 0.8331 2 

Adapted 

Probability 

U*/T 

={dv1=1,dv2=1,dv3=2 } 

( dv3=2| dv1=1)= 0.9097 

( T =2 | dv2=1,dv3=2)= 0.9096 

 

 

 

 
Table 7. Evaluations of IEAs after proceeding first negotiation 

 Interesting variable (T) 

T=1 T=2 

Group Members’ 

Evaluations 
IEA1 0.4790 0.5210 

IEA2 0.3341 0.6660 

IEA3 0.7500 0.2500 
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Table 8. Second iteration of negotiation among group members 

IEA1 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

1

P ) 
 

1

maxP  
w1*I 1

-1
+(1-w1)* I 3|2

-1 
T=1 T=2 

Information 

Perceived 

7.9601 0.5777 0.4223 1 

Adapted 

Probability 

U*/T 

={dv1=1,dv2=2,dv3=2} 

( dv3= 2 | dv1= 1 )=0.9211 

( T = 1 | dv2= 2,dv3= 2)= 0.7429 

 

IEA2 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

2

P ) 
 

2

maxP  
w2*I 2

-1
+ (1-w2)*( I 1|2+I 3|2 )

-1 
T=1 T=2 

Information 

Perceived 

11.7711 0.5777 0.4223 1 

Adapted 

Probability 

U*/T 

={dv1=2,dv2=1,dv3=1 } 

( dv3= 1| dv1= 2)= 0.9608 

( T =2 | dv2=2 ,dv3= 1)=0.9109 

 

IEA3 

Pooling Group Members’ 

Opinions 
Pooled Distribution (

3

P ) 
 

3

maxP  
w3*I 3

-1
 +(1-w3)* I 1|2

-1 
T=1 T=2 

Information 

Perceived 
7.9041 0.6048 0.3952 1 

Adapted 

Probability 

U*/T 

={dv1= 1,dv2=2 ,dv3= 2} 

( dv3=2| dv1=1)=  0.9377 

( T =2 | dv2=1,dv3=2)= 0.9519 

 

 
Table 9.Evaluations of IEAs after proceeding second negotiation 

 Interesting variable (T) 

T=1 T=2 

Group Members’ 

Evaluation 

IEA1 0.6417 0.3583 

IEA2 0.3816 0.6184 

IEA3 0.7646 0.2354 

 

 
Table 10.Evaluations of IEAs after proceeding 5th negotiation 

 Interesting variable (T) 

T=1 T=2 

Group Members’ 

Evaluation 

IEA1 0.8083 0.1917 

IEA2 0.4068 0.5932 

IEA3 0.7828 0.2172 

 

 
Table 11.Evaluations of IEAs after proceeding 9th negotiation 

 Interesting variable (T) 

T=1 T=2 

Group Members’ 

Evaluation 

IEA1 0.8399 0.1601 

IEA2 0.5913 0.4087 

IEA3 0.7881 0.2119 
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Figure 7. The conditional probabilities of T=1 in each IEA during negotiation processes 

 

While deriving the proposed mechanism for agents to pool the other members’ opinions, the 

pooling weight of exterior information and the willingness of adaptation were subjectively chose. 

Embedding these kinds of information could more adequately reflect the decision makers’ minds and 

their easiness of being influenced. At one extreme, it might have no knowledge and no idea of relative 

influence, and then 
j and 

j would approach 1, which would lead to no mutual impact during 

negotiations. That means the further away the decision maker’s perception is from the other sources, 

the lesser is the influence. This behavior of the proposed model can be interpreted as such that if a 

decision maker sees his/her prior located in an extreme position from the set of the positions of the 

other sources, he/she will abandon it in favor of the position of the expert sources as a group. The 

nonsymmetric property of the employed entropy causes this behavior of the proposed model. However, 

at the other extreme we might have full or perceived knowledge and a precise view on agent influence. 

Then 
j and 

j could be set with respect to the prior perceptions, which might lead to certain degree 

of consensus as the group decisions of human beings. 

Although the consensus could possibly be unreached, the decision makers could then recheck the 

conditional tables according to the topologies of their agents in the proposed model. As shown in each 

evaluation result table of negotiation, the adapted probabilities indicate the current influence on the 

individual agent’s interior topology, which can help figure out the directions for reaching consensus. 

Under such manner, if the decision makers manually adjust their existing conditional probabilities and 

the consensus is gradually reached, they might be able to identify the better set of decision factors. 

With the assistance of the proposed model, the multiagent system can then help enhance the abilities of 

decision making for decision makers. 

5. CONCLUSIONS 

For embedding the abilities of probabilistic reasoning, negotiation among dependent group 

members, and automatic adaptation towards group information, this study has proposed an innovative 

BBN based Multiagent system which employing relative entropy of information theory. Accordingly, 

each Intelligent Expert Agent can utilize group information to generate its own opinions and to perform 

self-adaptations, just like communication among human experts. The characteristics of the proposed 

system can be summarized as follows: 

1. Dependence of group members can be presented with Exterior BBN. The corresponding 

conditional probability tables illustrate the impact among them. 

2. Probabilistic reasoning of each IEA is formulated by Interior BBN, which has identical 

network topology, but possesses different conditional probabilities for decision variables. 
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The discrepancy of such conditional probabilities exhibit different styles of probabilistic 

inference. 

3. IEAs share decision information and generate the corresponding adaptation based on the 

pooled opinions. There are two parameters, which are pooling factor, and adaptation 

parameter, to control the adaptation steps of IEAs within each negotiation iteration. 

Pooling factor demonstrates the intensity of subjective decision form each IEA; and the 

adaptation parameter presents the willingness to change according to the tentative pooled 

information. 

4. Consensus is not necessarily guaranteed. This is due to the difference of dependence of 

group members, probabilistic reasoning styles, pooling factors, and adaptation parameters. 

Similar to human beings, some configurations would result in contradictive opinions 

among groups. However, the proposed system could offer the opportunities to negotiate 

and improve individual decision- making, especially when possessing dependent property. 
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7. INDUSTRY APPLICATION 

 

This paper is application-oriented and the proposed model could be applied in the fields of decision 

making, such as supplier selection, automatic negotiation, machine learning, multi agent systems, etc. 

For those problems encountering uncertainty and risk, this proposed model is suitable and could help 

simplify the decision making process. The characteristics of the proposed model are highlighted as 

follows: 

1. Each Bayesian Belief Network could be used to represent a single decision maker, machine with 

reasoning abilities, an intelligent agent, etc. 

2. With employing probabilistic reasoning method, the decision making styles could be 

incorporated and performed by the proposed model. 

3. The dependences among each single network could also represent the mutual impacts in order to 

be as close to real world as possible. 

4. The easiness and willingness to be influenced by others are also able to be represented with the 

corresponding parameter set. 

5. The consensus could be eventually generated, but would not always be produced, which is 

similar and critical to the negotiation process in the real world. 

 

 


