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Abstract  

The problem of sequence clustering is one of the fundamental research topics. 

However, most algorithms are dedicated to the case of single-label clustering. In this 

paper, we propose sequence clustering algorithms which can be applied for finding 

multi labels with respect to variable-length sequences. In our research, we first map 

sequences as vectors in the feature space by applying DCT transformation on each 

sliding window of sequences. A large amount of feature vectors could be further 

reduced by using the histogram concept and the quantization technique. Then, we use 

the hierarchical clustering algorithm to determine sequence labels. We also apply 

minimum bounding rectangle (MBR) techniques to approximate the distribution of 

feature vectors, and the elapsed time can be reduced accordingly. According to our 

experiment, the accuracy in the Rand index validity can be up to 88% for the single-

label clustering of equal-length case. By applying the MBR techniques, the elapsed 

time of improved approach can be reduced as much as one sixth of the original 

approach, and the accuracy remains 86%. For the multi-label clustering, the accuracy 

can be up to 85%, and the elapsed time is about one fifth of the single-label case.  
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1 Introduction 
Sequence clustering is a fundamental research topic and could be applied in 
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various fields, such as data mining and multimedia information retrieval. Suggested 

by [1], a generic approach of sequence clustering consists of two major parts. The first 

part is the clustering algorithm, which involves the process of gradually grouping 

together similar sequences. The second part is the calculation of similarity, which 

quantifies the degree of similarity between sequences by calculating the distance 

separating them. As an example, the Euclidean distance is one of most common 

distance measures for sampled data sequences, as well as the dynamic time warping 

(DTW) distance for string-like sequences. In this paper, we focus on the Euclidean 

distance.  

From another point of view, sequence similarities can be further divided into 

whole similarities and partial similarities. The whole similarity refers to the similarity 

that appears throughout the entire sequence, which may be the trend of the sequence 

itself. The partial similarity indicates the similarity which exists between 

subsequences within the sequence. Considering the four sequences S ! , Fig. 1 is an 

example of whole similarity where the feature space mapping of sequences shows the 

clustering of similar sequences. We separate them into two groups, which are 

C1 = {S ! , S(!)} and C2 = {S ! , S(!)}. Fig. 2 is an example of partial similarity, 

where the middle segment of S !  is similar to the middle segment of S(!), and the 

rear segment of S !  is similar to the rear segment of S(!). Thus, we separate local 

sequences into C1 = {S ! , S(!)} and C2 = {S ! , S(!)}. 
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Fig.	  1	   	   An	  illustration	  of	  sequences	  with	  whole	  similarity.	  
 

 

Fig.	  2  An	  illustration	  of	  sequences	  with	  partial	  similarity.	  
	  

Intrinsic properties exist in terms of sequence data itself, i.e., sequence length 

and sequence label. The sequence length can be either equal or variable while the 

sequence labels can be of a single label or multi labels. Many-faceted properties of 

sequence clustering are summarized in Table 1. There are four cases in the Table 1. In 

the case 2, since we choose the Euclidean distance as the similarity measure between 

sequences, it cannot be directly applied for two sequences of unequal length. Note 

that, if the editing distance is chosen for string-like sequences, the case 2 will be 

reasonable and usually known as global alignment. Regarding to the case 3, the case 3 

can be considered as a special case of case 4. For practical reasons, we focus on the 

case 1 and case 2, i.e., sequence of equal-length with whole similarity, and sequence 

of variable-length with partial similarity. In the former case, named the single-label 

clustering, a sequence is to be assigned only one label which indicates a certain kind 

of trend in sequence. In the latter case, named the multi-label clustering, a sequence 

could be assigned several labels as long as subsequences meet criteria indicating by 

the partial similarity measurement. In our work, we introduce a basic approach to 

solve the single-label clustering problem. Then, the approach will be extended to 

solve the multi-label clustering problem.  

 

Table	  1	   	   Many-‐faceted	  properties	  of	  sequence	  clustering.	  
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sequence length 
 
similarity 

Equal-length Variable-length 

Whole similarity Case 1: Single-label 
clustering Case 2 

Partial similarity Case 3 Case 4: Multi-label 
clustering 

 

1.2 Related Work 
In some literature, the significance of subsequence clustering has been 

criticized and remains controversial. A study by Keogh and Lin suggested the 

subsequence clustering is meaningless [2]. Usually, the process of forming a 

subsequence cluster makes use of the sliding window method to cut the sequence into 

sectional components. If the sequence itself begins as relatively smooth or changes 

relatively slow, then the resulting subsequences will be extremely similar. 

Consequently, slowly changing subsequences are easy to be located and derived 

during the clustering process, even though they are not really meaningful. However, 

in another study [3], Chen claimed the argument by Keogh and Lin might be 

essentially flawed. Chen presented that the similarity between the temporal and the 

formal forms of the sequences and showed meaningful subsequence clustering results. 

In the study [4], Lai proposed the two-level clustering method. Making use of 

the symbolic aggregate approximation (SAX) method, a sequence is presented using 

symbols for dimensional reduction. Also, a density-based clustering method called the 

cluster affinity search technique (CAST) is chosen for the first level clustering [5]. By 

applying the same process, the resulting clusters from the first level clustering will be 

repeatedly combined in the second level clustering to meet various requirements. 

In addition, the discovery of highly-overlapping sequence segments (finding 

the theme) has been an emerging issue of concern. A study done by Li proposed a 

method that can identify a theme of sequence [6], in which sequences are converted 

into symbols by using SAX. The sliding window technique is then applied to cut the 

symbols into segments. Then, a grammar-based inference method called Sequitur is 

employed to identify those segmented symbols with a high overlap. The experiment 

demonstrated that themes of different lengths could be identified from various data 

sets.  

Typical clustering algorithms are exclusive or hard clustering algorithms in 



	   5	  

which each object would be exclusively assigned to a single cluster. However, in 

some situations, it would be reasonable to assign more than one cluster labels to a 

single object, which is addressed by non-exclusive clustering or soft clustering [7]. 

Regarding the soft clustering, two major approaches are investigated, i.e., 

fuzzy clustering and probabilistic clustering. In [8], the authors provide a thorough 

discussion of fuzzy clustering. In the fuzzy clustering, every object belongs to every 

clustering with a membership values. The resulting algorithm, known as the fuzzy c-

means algorithm, is one of the most widely used fuzzy clustering algorithms and has 

been discussed extensively in the literature [9]. Similarity, probabilistic clustering 

techniques also provide probabilistic (rather than deterministic) assignment of points 

to clusters. Two kinds of soft clustering methods perform well especially when the 

data objects cannot be partitioned into well-separate clusters with crisp boundaries [8].  

Our motivation to the multi-label sequence clustering is to assign more than 

one labels to a single sequence in which some parts of a sequence are similar to parts 

of other sequences, as described in Figure 2. In the meanwhile, fuzzy and probabilistic 

clustering schemes are dedicated to deal with imprecision and uncertainty. In the two 

clustering schemes, we often impose the addition constraint such that the sum of 

weights or degrees for each object equal one. As a result, the fuzzy or probabilistic 

clustering does not address multi-label situations. For example, in Fig. 2, the sequence 

S(1) is involved in both C1 and C2. It might be improper to assign 50% degree to C1 

and 50% degree to C2 with respect to S(1). Instead, the two schemes are most 

appropriate for avoiding the arbitrariness of assigning an object to only one cluster 

when it may be close to several clusters [10]. 

Several works are proposed to solve the multi-label classification [11–16]. 

Some of the approaches are based on machine learning method, such as support 

vector machine [13], k-NN classification [15] or neural networks [11], [14]. In [11], 

the author design a multi-label extension of fuzzy ARTMAP, which is a neuro-fuzzy 

hybrid algorithm. In [12], the authors propose a clustering-based multi-label 

classification algorithm which can be applied for determining image annotation as 

well as multimedia data. 

In the study of multi-label clustering by Lukashevich et al. [17], an automatic 

music classification system, which uses time slice and feature partitioning, is 

employed to convert a multi-label classification problem into multiple single-label 

classification problems. In this method, we divide a piece of music into multiple 



	   6	  

musical segments by capturing the timbre, rhythm, and melody of each segment, in 

which we use principal component analysis for dimensional reduction. The 

experiment showed that the method achieved about sixty percent precision in the F-

measure verification. 

 

2 Notations and Problems 

In this section, we first introduce some useful definitions for the sequence 

clustering and then describe the problem. 

 

Definition 1. (Sequence): A sequence, denoted by S =<   𝛾!, 𝛾!,… , 𝛾! >, is an 

ordered list of real numbers with the sequence length S = 𝛽. 

Definition 2. (Subsequence): T is a subsequence of S, denoted by 

T =< 𝑡!, 𝑡!,… , 𝑡! >,with     T =   𝑤, where 𝑡! = 𝛾!!! , and  0 ≤ 𝑘 ≤   𝛽 − 𝑤. 

Definition 3. (Distance): Given two sequences, denoted by S !  and S ! , of the 

same length 𝛽, the distance between S !  and S !  is defined as follows. 

𝑑𝑖𝑠𝑡 S ! , S ! =    (𝛾  !
! − 𝛾  !

! )!!
!!!

!/!
    (1) 

 

The Problems 

In this paper, we consider the sequence clustering problem. As described in 

Table 1, we focus on two cases. The first case is, given a set of equal-length 

sequences, to determine the sequence clusters in which each sequence will be 

assigned a single label for capturing the global similarity. The clustering criteria are to 

maximize inter-cluster distance and to minimize the intra-cluster distance. Then, 

based on the first case, we provide an extension to cluster sequences of variable 

length. Given a set of sequences with varying in length, we would like to determine 

the sequence clusters in which each sequence might be assigned one or more labels 

for capturing some local similarities.  
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3 Method 
Our approach to the sequence clustering problem is illustrated in Fig. 3. The 

system architecture consists of three modules, i.e., feature extraction module, 

quantization module, and clustering module. Given a set of sequences, each sequence 

S !  will be cut into several subsequences by applying the sliding window technique, 

and those subsequences will be further mapped as feature vectors by discrete cosine 

transformation (DCT). Due to large amount of feature vectors, the vectors will be 

approximated by minimal bounding rectangles (MBRs). As s result, in the feature 

extraction module, sequences are represented as either vectors or MBRs. In the 

quantization module, the feature vectors and/or MBRs will are further quantized and 

presented in the histogram-like vectors. Finally, in the clustering module, with respect 

to sequences of equal length, we will apply the single-linkage method to produce 

single-label clusters. Similarly, with respect to sequences of variable length, we will 

apply the thresholding method to produce multi-label clusters. Note that, it could be 

argued why not choosing an alternative of clustering method on feature vectors and/or 

MBRs immediately after the feature extraction module. Therefore, we choose the 

DBSCAN, a density-based clustering algorithm with noise, to be applied for the 

comparative study.  

In the following subsections, we will explain the modules in more detail, as 

well as the validation methods for our experimental study.  
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Fig.	  3	   	   The	  diagram	  of	  system	  architecture.	  
	  

3.1 The Sliding Window 

In spite of sequences varying in length, we apply the sliding window technique 

to cut the sequence into several subsequences which might preserve the local trend of 

sequence. Assume that the window size w and sliding offset x, the sequence of length 

𝛽 will be cut into 𝜔 number of subsequences of length w, where 𝜔 = !  –  !
!

+ 1,

𝛽 ≥  w. For example, Fig. 4 illustrates the concept of sliding window with w = 19, 𝛽 

= 22, and x = 1. Also, in our study of this paper, x is set to one. 

 

 

Fig.	  4	   	   An	  illustration	  of	  the	  sliding	  window	  [18].	  
	  

3.2 DCT mapping 
The sliding window procedure generates a large amount of subsequences. By 

applying the DCT on the subsequences of length w, we derive same amount of vectors 

in the w-dimensional feature space. According to the work [19], a large class of 

signals (i.e., real sequences or not generated in a random manner) are the colored 

noises (e.g., pink, brown, black noises), in which the properties of energy 

concentration and lower-bounding lemma can be observed. Therefore, given a 

subsequence T of length w, we choose the first c DCT coefficients（𝑐   ≤   𝑤）as the 

corresponding feature vector P in the c – dimensional space. Note that, it is a trade-off 

of determining c. In case of a fixed w, the greater the c, the smaller the distortion and 

the larger amount of data is; in the case of a fixed c, the greater the w, the greater the 

distortion and less amount of data is. Some experimental studies are introduced in 
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Section 4.  

 

 

Fig.	  5	   	   An	  illustration	  of	  DCT	  mapping.	  
	  

3.3 MBR 
Although we employ the first c dominating DCT coefficients as feature 

vectors, we still have same amount of vectors. Therefore, we further apply MBR and 

quantization techniques, respectively.  

For each sequence, the bounding process is to convert 𝜔 number of P! into 

𝛿 number of MBRs, where 𝛿 is always less than or equal 𝜔. The heuristic is 

described as follows. First, there is a predefined threshold IR. Starting from P1, we 

traverse the following Pi. If the distance between Pi and Pi+1 is less than or equal to IR, 

we consider that Pi and Pi+1 belong to the same MBR, and proceed the next adjacent 

one. If the distance between Pi and Pi+1 is greater than IR, we pause the process and 

determine those previously consecutive Pi as a MBR. Then, the process will be 

repeated at starting from Pi+1. For example, in Fig. 6, the IR is set to 1.8. The heuristic 

of bounding processing results in four MBRs in Fig. 7. 
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Fig.	  6	   	   The	  MBR	  heuristic	  process	  [18].	  
	  

 

 
Fig.	  7	   	   Four	  MBRs	  of	  the	  corresponding	  sequence	  S	  in	  Fig.	  6	  [18].	   	  

	  

3.4 Quantization 

The vector quantization is a lossy coding technique which approximates the 

distribution of source by using prototype vectors. VQ works as projecting the 

continuous input space of source data on a discrete output space while minimizing the 

loss of information [20–22]. Given a large set of input vectors, the vectors will be 

divided into several groups in which the vectors of the same groups are close to each 

other. Each group will be represented by a codebook, in terms of centroid vectors and 
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corresponding indices. Several designs of vector quantization scheme can be found in 

[20–22]. In this module, we employ the K-means algorithm to quantify feature vectors 

and MBRs, respectively. Along with the use of histogram to represent sequences, it is 

able to reduce the amount of computation and effectively obtain the sequences 

characteristics.  

For all S(!), we consider all subsequences vectors P!(!) as the input data of K-

means algorithm, in which the value of K is system-predefined, to find K numbers of 

centroid vectors. Each P!(!) will have a most proximate centroid vector. Then, we use 

the centroid vectors to express all the subsequences of the sequence, and convert the 

sequence into Y(!) form. In the following, all the individual numbers of various 

centroid vectors in Y(!) are summarized to obtain an approximate distribution pattern 

of sequence P! , denoted by a histogram-like vector H(!) . The pseudo code of 

quantization is described as follows.  

 
Algorithm: Quantization 
Input:  

    -- a set of S(!) where S(!) = P!
(!), P!

(!),… , P!
(!)   , and  

    -- K (the parameter of applying the K-means algorithm)  
Output: 
    -- a set of histogram vectors H(!) 
 
Begin 
(1) 𝐴𝑙𝑙𝑉𝑒𝑐𝑡𝑜𝑟 

= S !

!!!~!

= P!
(!), P!

(!), P!
(!),… ,

!!!~!

 

 
(2) Apply K-means algorithm on 𝐴𝑙𝑙𝑉𝑒𝑐𝑡𝑜𝑟  to derive K centroid 

vectors, named C1, C2, …, CK.  

(3) For each S(!) = P!
(!), P!

(!),… , P!
(!)    

        For each P!
(!) 

            Replace P!
(!) by the closet centroid vector C!(!) 

        End-for 
        Y(!) ⟵ C!(!), C!(!),… , C!(!)  
        Compute the histogram vector H(!) from Y(!) 
  End-for 
End 
 

 

Fig. 8 illustrates an example of sequence quantization. Given the sequences 

S(!) and the corresponding feature vectors P!
(!), we apply the K-means (K=3) to find 
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three centroid vectors. For example, the centroid vector C1 is the closest to P!
(!). 

Therefore, { P!
(!) , P!

(!) ,…,   P!
(!) } is converted into 

Y(!)=[C1,C1,C1,C3,C3,C3,C2,C2,C1], followed by a histogram-like conversion of 

Y(!)  into three-dimensional vector H(!) . There are a total of four P!
(!)  that are 

closest to C1, two P!
(!) that are closest to C2, and three P!

(!) that are closest to C3; 

therefore, H(!) = [4,2,3]. 

 

Fig.	  8	   	   An	  illustration	  of	  quantization	  module.	   	  

  

For MBRs., we use the rectangle center vectors to represent MBRs. In the 

following, similar processes are applied to determine the histogram-like vector H(!).  

3.5 Clustering module and DBSCAN 

The clustering module is the last process to determine labels of sequences. In 

the case of multi-label clustering, we simply use the threshold method. As shown in 

Fig. 8, for example, H(!) = [4,2,3]. If the threshold parameter is set to 4, then only 

the value of the first dimension will be greater than or equal to 4 in H(!). Therefore, 
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we will give one label, say C1, to S(!). Accordingly, after all the sequences were 

given a temporary label, those sequences with same labels will be grouped into one 

cluster. 

In cases of single-label clustering, we used the hierarchical clustering method 

for grouping. The hierarchical clustering method can be divided into agglomerative or 

divisive types. Common linkage methods include the single, complete, and average 

linkages. In our system, we use the single linkage along with the Euclidean distance. 

We apply hierarchical agglomerative clustering method to gradually merge the 

sequences or clusters with the shortest distance and eventually to create a dendrogram.  

In addition to the previous clustering module, we also implement the 

DBSCAN algorithm for the comparative study. DBSCAN is a density-based 

clustering algorithm. It is clamed to be resistant to noise and be able to handle clusters 

of arbitrary shapes and size. Thus, DBSCAN might be effective in finding many 

clusters that could not be found using typical clustering algorithms, e.g., K-means and 

hierarchical methods. The details of DBSCAN algorithm can be found in [10], [23].   

3.6 Validation 
For the experimental study, we have to measure the quality of clustering 

results to show the effectiveness of our approach. In the case of single-label clustering, 

we use the Rand index measurement; in the case of multi-label clustering, we propose 

an extension measurement, denoted by R_multi index.  

3.6.1 Single-label 

Consider a set of n sequences, an n × n correlation matrix M is constructed as 

follows. The value 𝑀!,! in the correlation matrix is determined by comparing the 

label of the sequence S(i) and S(j). If the cluster labels of the two sequences are the 

same, then 𝑀!,! is set to 1; otherwise, it is 0. In the following, two kinds of matrix M 

need to be made when measuring clustering quality; one for calculating the actual 

correlation matrix 𝑀𝑎𝑐𝑡 (actual class matrix), and the other for calculating the 

predicted correlation matrix 𝑀𝑝𝑟𝑒  (predicted cluster matrix). The Rand index, 

denoted by R, is defined in the equation (1), where the value R ranges from 0 to 1; a 

value closer to 0 represents worse clustering results, and a value closer to 1 represents 

better clustering results. 
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 𝑅 =   
𝑠𝑠 + 𝑑𝑑

𝑠𝑠 + 𝑠𝑑 + 𝑑𝑠 + 𝑑𝑑  (1) 

	   𝑀𝑠𝑡𝑎!,!(𝑀𝑎𝑐𝑡!,! , 𝑀𝑝𝑟𝑒!,!)   =   𝑠𝑠, if 𝑀𝑎𝑐𝑡!,! = 𝑀𝑝𝑟𝑒!,! = 1 (2) 

	   𝑀𝑠𝑡𝑎!,!(𝑀𝑎𝑐𝑡!,! , 𝑀𝑝𝑟𝑒!,!)   =   𝑠𝑑, if 𝑀𝑎𝑐𝑡!,! = 1  𝑎𝑛𝑑  𝑀𝑝𝑟𝑒!,! = 0 (3) 

	   𝑀𝑠𝑡𝑎!,!(𝑀𝑎𝑐𝑡!,! , 𝑀𝑝𝑟𝑒!,!)   =   𝑑𝑠, if 𝑀𝑎𝑐𝑡!,! = 0  𝑎𝑛𝑑  𝑀𝑝𝑟𝑒!,! = 1 (4) 

	   𝑀𝑠𝑡𝑎!,!(𝑀𝑎𝑐𝑡!,! , 𝑀𝑝𝑟𝑒!,!)   =   𝑑𝑑, if 𝑀𝑎𝑐𝑡!,! =   𝑀𝑝𝑟𝑒!,! = 0 (5) 

 

Example: 

Suppose there are five sequences S ! , S(!),… , S(!) divided into two groups, 

which are C1 = S ! , S(!)  and C2 = S ! , S ! , S(!)  as shown in   𝑀𝑎𝑐𝑡   of 

Table 2; the predicted clustering results are C1 = S ! , S ! , S(!) , C2 =

S ! , S(!) , as shown in 𝑀𝑝𝑟𝑒  of Table 3. 

 

Table	  2	   	   𝑀𝑎𝑐𝑡	   for	  the	  single-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   0 0 1 0 

S !    1 0 1 

S !     0 1 

S !      0 

S !       
	  

Table	  3	   	   𝑀𝑝𝑟𝑒	   for	  the	  single-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   0 0 1 1 

S !    1 0 0 

S !     0 0 

S !      1 

S !       
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Table	  4	   	   𝑀𝑠𝑡𝑎	   for	  the	  single-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   dd dd ss ds 

S !    ss dd sd 

S !     dd sd 

S !      ds 

S !       
	  

Now, we have  

𝑀𝑠𝑡𝑎!,!	   =	  𝑀𝑠𝑡𝑎!,!	   =	  ss	  

𝑀𝑠𝑡𝑎!,!	   =	   𝑀𝑠𝑡𝑎!,!	   =	  sd	  

𝑀𝑠𝑡𝑎!,!	   =	   𝑀𝑠𝑡𝑎!,!	   =	  ds	  

𝑀𝑠𝑡𝑎!,!	   =	   𝑀𝑠𝑡𝑎!,!	   =	   𝑀𝑠𝑡𝑎!,!	   =	   𝑀𝑠𝑡𝑎!,!	   =	  dd	  

Then,  

𝑠𝑠 = 2,  	   𝑠𝑑 = 2,	      𝑑𝑠 = 2, 𝑑𝑑 = 4	  

Therefore,  

𝑅 =   
2+ 4

2+ 2+ 2+ 4 = 0.6	  

 

3.6.2 Multi-label 

In the single-label correlation matrix, 𝑀!,! value is either 1 or 0. However, 

when dealing with the multi-label clustering, the matrix of multi-label 𝑀!,! has a 

fractional value 𝑝 𝑞; where the numerator 𝑝 is the number of clusters that contain 

both S(i) and S(j), and the denominator 𝑞 is the number of clusters that contain S(i) or 

S(j). 

The cell of 𝑀𝑠𝑡𝑎, denoted by 𝑣!", is a four-dimensional vector represented by 

𝑠𝑠, 𝑠𝑑, 𝑑𝑠, 𝑑𝑑, and 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1. The R_multi index is defined as follows. 

Note that, the R_multi index is an extension and consistent with R index. That is, R is 

considered as a special case of R_multi.  
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 𝑅_𝑚𝑢𝑙𝑡𝑖 =   
𝑉 1 + 𝑉 4

𝑉 1 + 𝑉 2 + 𝑉 3 + 𝑉 4  (6) 

	   𝑉 =    𝑣!"

!

!!!!!

!!!

!!!

, 𝑣!" =    𝑎  𝑏  𝑐  𝑑  (7) 

 𝑎 = 𝑀𝑎𝑐𝑡!,!×  𝑀𝑝𝑟𝑒!,! 	   (8) 

 𝑏 =   𝑀𝑎𝑐𝑡!,!×   1−𝑀𝑝𝑟𝑒!,! 	   (9) 

 𝑐 =    1−𝑀𝑎𝑐𝑡!,! ×𝑀𝑝𝑟𝑒!,! 	   (10) 

 𝑑 =    1−𝑀𝑎𝑐𝑡!,! × 1−𝑀𝑝𝑟𝑒!,!  (11) 

 

Example: 

Suppose there are five sequences S ! , S(!),… , S(!) divided into three groups, 

which are C1 = S ! , S(!) , C2 = S ! , S ! , S(!) , and  C3 = S ! , S(!) ; Mact is 

shown in Table 5. The predicted groups are C1 = S ! , S ! , S(!) ,   C2 =

S ! , S(!) , and  C3 = S ! , S ! , S(!) ; 𝑀𝑝𝑟𝑒 is shown in Table 6, and 𝑀𝑠𝑡𝑎 is in 

Table 7. 

	  

Table	  5	   	   𝑀𝑎𝑐𝑡	   for	  the	  multi-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   0 0 1/2 0 

S !    0 1/2 1/2 

S !     0 1/2 

S !      1/3 

S !       
	  

Table	  6	   	   𝑀𝑝𝑟𝑒	   for	  the	  multi-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   0 0 1/2 1/3 

S !    0 0 1/3 

S !     1/2 1/3 
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S !      2/3 

S !       
	  

Table	  7	   	   𝑀𝑠𝑡𝑎	   for	  the	  multi-‐label	  case.	  

S !  S !  S !  S !  S !  S !  

S !   [0 0 0 1] [0 0 0 1] [1/4 1/4 1/4 1/4] [0 0 1/3 2/3] 

S !    [0 0 0 1] [0 1/2 0 1/2] [1/6 1/3 1/6 1/3] 

S !     [0 0 1/2 1/2] [1/6 1/3 1/6 1/3] 

S !      [2/9 1/9 4/9 2/9] 

S !       
	  

Since  

 𝑉 1  = (0+0+1/4+0)+(0+0+1/6)+(0+1/6)+2/9 = 0.81 

 𝑉 2  = (0+0+1/4+0)+(0+1/2+1/3)+(0+1/3)+1/9 = 1.53  

 𝑉 3  = (0+0+1/4+1/3)+(0+0+1/6)+(1/2+1/6)+4/9 = 1.86 

 𝑉 4  = (1+1+1/4+2/3)+(1+1/2+1/3)+(1/2+1/3)+2/9= 5.81 

Therefore,  

 𝑅_𝑚𝑢𝑙𝑡𝑖 = 0.81+5.81
0.81+1.53+1.86+5.81

=0.661 

 

4 Experiment 
In this section, we first describe the testing dataset, discuss factors of 

experiments, and then show the validity results.  

4.1 The data set 
There are three major sites of providing experimental data for clustering and 

classification, including “The UCR Time Series Classification/Clustering Homepage 

[24]”, “Time Series Data Library [25]”, and “UCI Machine Learning Repository [26]”. 

Most of data provided from the three sites are dedicate to the single-label clustering or 

classification. In addition, since we argue that the nature of fuzzy clustering is 
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different from our multi-label clustering, the experimental data designed for fuzzy 

clustering cannot be directly applied. 

We use synthetic control chart time series data set [24] as the testing data set 

for the single label clustering. This data set contains six types of sequences associated 

with specific trends, including normal, cyclical, increasing trend, decreasing trend, 

upward shift, and downward shift classes (Fig. 9). For each type, we have one 

hundred sequences, and each sequence is of length sixty. For the multi-label 

clustering, we concatenate at most sequences from synthetic control data set. Thus, 

we have a set of sequences, varying in length of 60, 120, and 180, in which each 

sequence is associated with at most three labels.  

 

 
Fig.	  9	   	   Six	  class	  of	  synthetic	  control	  dataset	  [24].	  
	  
	  

4.2 Factor 
Some factors are further investigated in this subsection, and the default setting 

of these parameters are suggested in Table 8.  
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Table	  8	   	   The	  default	  setting	  of	  factors.	  
Factors	   Suggested	  setting	   	  

Window	  length	  (w)	   20	  

DCT	  coefficients	  (c)	   8	  

Quantization	  (K)	   18	  
 

4.2.1 Window length (w) 

We take the DCT coefficients of the first five dimensions, and use different 

window lengths, from five to thirty, to observe the amount of elapsed time required 

for the conversion and distortion in the distance after the conversion. The distortion is 

measured by the Euclidean distance between the original sequence and the 

reconstructed sequence by apply the inverse transformation. Fig. 10 is an example of 

the average obtained from results of experiments on six classes of one hundred 

sequences. In terms of elapsed time, a longer window length is observed to shorten 

even if oscillations occur. In terms of distance, when the window length is shorter 

(from five to ten), the distance sharply increases with the length; when the window 

length is longer (from twenty-five to thirty), the distance increases gently. 

 

 
Fig.	  10	   	   A	  diagram	  of	  distortion	  and	  elapsed	  time	  for	  the	  DCT	  mapping	  vs.	  window	  
length.	   	  
	  

The results in Fig. 11 show an average distance of the six classes, respectively. 
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Also, Fig. 11 shows that the distance of a normal type of sequence is significantly 

higher than other types. When the window length of a cyclical sequence is less than 

19, the distance of the sequence will be at its minimum. While, the window length is 

longer than 20, the distance will increase sharply.   

 

 
 

Fig.	  11	   	   A	  diagram	  of	  distortion	  diagram	  for	  each	  classes.	  
	  

4.2.2 DCT coefficient (c) 

We observe the distortion by fixed window length and change DCT coefficient. 

In Fig. 12, when we fix the window length and keep the DCT coefficient fewer, the 

distortion is more severe. Also, we observe that if DCT coefficient is eight, the 

distortion reduces merely. Thus, we set DCT coefficients to eight in our experiments.  
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Fig.	   12	   	   The	   distortion	   in	   distance	   versus	   no.	   of	   DCT	   coefficient	   w.r.t.	   the	   fixed	  
window	  length.	  
	  

Besides, in terms of the combination of DCT coefficients (i.e., c) and window 

length (i.e., w), we investigate the influence on distortion. The energy concentration 

ratio is defined as follows.  

𝑟𝑎𝑡𝑖𝑜 =    𝑥!!!
!!!

𝑥!!!
!!!

, where  𝑐 ≤ 𝑤 

 

We might obtain the parameters of window length and DCT coefficient by 

seeking the fewer distortion with fixing energy concentration ratio. 

Fig. 13 shows the distortion in distance as the ratio ranges from 0 to 1, with 

respective to the window length of twenty. In other perspective, Fig. 14 shows the 

distortion in distance as the window length ranges from 5 to 30, with respective to a 

certain ratio. The diagram indicates that the local minimal points of the distance 

occurred at window lengths of 9, 12, 14, 17, and 20. Due to fixed the energy 

concentration, if the value of w is increased, the value of c will also increase.  
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Fig.	  13	   	   The	  distortion	  in	  distance	  versus	  energy	  concentration	  ratio	  w.r.t.	  w=20.	  
	  
 

 
Fig.	  14	   	   The	  distortion	  in	  distance	  versus	  window	  length	  w.r.t.	  ratio	  =	  0.75	  
	  

4.2.3 Quantization coefficient (K)  

Although the difficulty in choosing K of K-means algorithm still remains 

unsolved, there are some heuristics could be applied, including the rules of thumb [27] 

the Elbow method, the information criterion approach [28], and the information 

theoretic approach [29]. We used the Elbow Method to observe the curve of sum of 

square error (SSE) versus the value of K. As shown in Fig. 15, the critical value 
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(K=18) could be obtained regarding as the saddle point, which is also used to identify 

appropriate parameters.  

 

 
Fig.	  15	   	   The	  SSE	  vs.	  the	  value	  of	  K.	   	  
 

4.3 Validation 
In this subsection, we discuss the validation results to show the effectiveness 

of our approach. 

 

4.3.1 The case of single-label clustering 

Since the hierarchical method is involved in the single-label clustering, we 

compare three common linkage methods. Table 9 shows the results which reveals that 

the single linkage reaches a higher accuracy without scarifying the efficiency.  

In addition, the performance of DBSCAN is far beyond our expectation. First, 

some parameters of DBSCAN, e.g., radius and minpt, dominate clustering results. but 

are not easily tuned. It leads to unstable and unpredictable results. Second, a large 

amount of pairwise distance computations are required, while performing DBSCAN. 

Without a sophisticated optimization to distance computation, the efficiency cannot 

be improved. Thus, the elapsed time is longer by more that an order of magnitude. 
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Regarding the clusters, we observe that DBSCAN will produce a dominating cluster 

in which most of sequences belongs to this single cluster. As a result, the accuracy in 

Rand index remains about sixty. 

Table	  9	   	   Accuracy	  in	  R	  (w.r.t	  the	  case	  of	  single-‐label	  without	  MBR).	  

Clustering	  method	   R	  (%)	   Elapsed	  time	  (sec.)	  
Average	   84.06	   246.37	  
Complete	   83.96	   225.90	  
Single	   88.76	   224.24	  
DBSCAN	   67.73	   2389.80	  

	  
In the same case with MBR, we only apply the single linkage of hierarchical 

clustering. As shown in Table 10, when IR increased, the elapsed time decreases 

significantly while the accuracy changes slightly. Similarly, the performance of 

DBCSAN is barely satisfactory.  

Table	  10	   	   Accuracy	  in	  R	  (w.r.t	  the	  case	  of	  single-‐label	  with	  MBR).	  

IR	   R	  (%)	   Elapsed	  time	  (sec.)	  
0.3	   86.89	   192.26	  
0.5	   85.68	   186.86	  
1	   80.27	   84.02	  

DBSCAN	   51.41	   1718.04	  
 

4.3.2 The case of multi-label clustering 

Here, we present our results on sequences of variable length in multi-label 

experiments. We use different threshold parameters to verify the accuracy of our 

approach. As shown in Table 11, the overall accuracy is above 79%, and even reaches 

85.90% when we choose the appropriate parameters. Also, we do not continue 

performing DBSCAN anymore, since its outcome is comparable in previous study.  

 

Table	  11	   	   Accuracy	  in	  R_multi	  (the	  case	  of	  multi-‐label	  without	  MBR).	  

Thresholding	   5	   10	   15	   20	   25	   30	   35	   40	  
R_multi	  (%)	   83.65	   85.90	   82.98	   81.27	   80.32	   79.95	   79.79	   79.59	  

	  

The results of multi-label clustering with MBR do not show much difference 

from the one without MBR. The overall efficiency remains about 80%.  
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Table	  12	   	   Accuracy	  in	  R_multi	  (the	  case	  of	  multi-‐label	  with	  MBR,	  and	  IR=0.5).	  

Thresholding	   2	   3	   4	   5	   6	   7	   8	   9	  
R_multi	  (%)	   82.34	   82.92	   82.45	   81.31	   80.71	   80.50	   80.45	   80.37	  

 

4.3.3 Summary 

Finally, in Table 13, we demonstrate the overall performance. In the case of 

single-label clustering, the use of MBR will reduce about 15% computation time, and 

remain almost the same. In the case of multi-label, the use of MBR will reduce about 

10% computation time.  

Table	  13	   	   Overall	  performance	  of	  our	  approach.	   	  

Method	   Accuracy	  in	  R,	  
or	  R_multi	  (%)	   Elapsed	  time	  (sec.)	   Factors	  

Single-‐label	   	   88.76	   224.24	   Default	  setting	  
Single-‐label	  +	  MBR	   86.89	   192.26	   IR=0.3	  

Multi-‐label	   85.90	   46.40	   thresholding=10	  

Multi-‐label	  +	  MBR	   82.92	   42.19	   IR=0.5,	  
thresholding=3	  

 

5 Conclusion 
In this paper, we discuss the sequence clustering problem in the case of single-

label and multi-label. A hybrid approach to the problem is proposed in which the 

techniques of sliding window, DCT mapping, quantization, and histogram are applied. 

In the final stage of our approach, we use the hierarchical clustering and thresholding 

method for the case of single-label and multi-label, respectively.  

In addition, we make use of Rand index to measure the validity of clustering 

results. An extension of R_multi index is also proposed to verify the clustering quality 

of multi-label sequences.  

We perform comprehensive experiments to investigate the parameter setting, 

and to show the efficiency and effectiveness of our approach. In short, the accuracy 

can be obtained up to 88% in the single-label case and 82% in the multi-label case. 
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