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Data in various systems, such as those in finance, healthcare, and business, are stored as 

time series. As such, interest in time series mining in these areas has surged. Clustering of 

data is performed as a pre-processing or exploratory approach in many data mining tasks. 

Time series data sets are often very large, thus, data cannot fit in the main memory for clus-

tering. In this case, dimension reduction is a common solution. However, the cost of data 

reduction is relatively high because of overlooking the data involved in this process, leading 

to low-quality clustering. In this paper, we propose a new approach for improving the ap-

proximate clustering accuracy of dimensionality reduced time series by discretization ap-

proach. A new distance measure is initially introduced. Thereafter, the partitional algorithm 

that best matches the representation method is proposed. 

 

Keywords: data mining, clustering, time series, approximation; distance measure; di-

mensionality reduction 

 

 

INTRODUCTION 

The data in various systems, such as those in finance, healthcare, and business, are 

stored as time series. For this reason, scholars are increasingly interested in time series 

mining in these areas. Numerous data mining techniques need clustering as 

pre-processing subroutine before data mining algorithms can be applied on large time 

series data sets [1]. Clustering is a technique used to put similar data elements into ho-

mogeneous groups without previous knowledge of group definitions. Clusters are formed 

such that objects that have maximum similarity with other objects within the group and 
minimum similarity with objects in other groups. This approach is useful in identifying 

the structure in an unlabeled data set and it can also be used as a prediction approach. For 

instance, clustering of companies based on their stock price may help finance analysts in 

predicting the changes in a company based on changes in similar companies. 

Time series data are classified as dynamic objects where the feature values change 

as functions of time. Clustering of time series data is not as straightforward as that in 

static objects. Selecting a suitable representation, distance measure, and clustering algo-

rithm for the data at hand is necessary to cluster time series data properly.  

Given a large time series data set, the complexity is very high, and data cannot fit in 

the main memory of computers. In this case, dimension reduction is a common solution 

that addresses the issue [2], [3]. Researchers have used reduction, such as reduction to 

very low resolution, to overcome this problem and speed up clustering [4].  
Ratanamahatana [5] discussed the quality of time series clustering, and stated that, 
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“The key to the efficiency and accuracy of the solution is to choose an appropriate data 
representation method.” In this paper, we consider a sample representation method to 

expose the problem. One of the very famous representation methods is Symbolic Aggre-

gate ApproXimation (SAX), which is a symbolic representation of time series data de-

veloped by Keogh et al. in 2003 and has been widely used for almost a decade by more 

than 50 groups in different data mining research efforts [6]. Although it is used in most 

of the work, it leads to overlook data, and consequently, decreased clustering quality. 

Likewise, the cost of data reduction in many other approaches is also relatively high be-

cause of data loss [7]. 

The present study shows how dimension reduction affects the quality of clustering 

by comparing the effectiveness of algorithms with and without dimension reduction. 

Then, we show that the problem of low accuracy in clustering dimensionality reduced 
time series can be alleviated to some extent. 

In a sample data set containing the daily balance of bank customers, the balance of 

customers is usually represented monthly or yearly in the banking system for dimension-

ality reduction of data. The annual clustering of customers based on their transactions 

constructs clusters of similar customers. If two customers have the same general balance 

yearly, then these customers may fall into the same cluster. However, the daily value of 

transactions or the daily variation of transactions of these two customers may be very 

dissimilar. This setup becomes complex once one of the daily transactions includes fraud 

or money laundering that are not discovered by the approximation of time series data. 

Consequently, overlooking of data may lead to loss of valuable information. For example, 

Fig. 2 is a special case whereby most of the peaks in a time series are lost during SAX 

representation. Another example is related to the same representation of two different 
time series of a cluster (Fig. 2), which clearly points out the problem. In Fig. 2, the SAX 

parameters are the same for both time series. The figure depicts how dimension reduction 

may lead to put very dissimilar time series into one cluster, or how it may lose many im-

portant peaks. 

  

 
 

Fig. 1. Overlooking of peaks in a time series in SAX transformation process 
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Fig. 2. Two time series of a cluster 

In this work, a novel distance measure is proposed for one of the most used and ef-

ficient representation approaches, namely, SAX. A method for clustering of time series 

data is introduced based on partitional clustering. The contributions of this work are as 

follows: 

 A novel approximation for distance measure between the dimensionality reduced 

time series; the proposed tool possesses both speed and accuracy of computation. 

 An adaptive pre-clustering algorithm for dimensionality reduced data through 

symbolic approximation transformation. 

The rest of the paper is organized as follows. Section 2 reviews related work and 

gives brief reviews on main concepts. Section 3 introduces the approximation method for 

distance measurement. The clustering approach compatible with SAX data is introduced 

in Section 4. An empirical evaluation on published datasets is presented in Section 5, and 

conclusions are provided in Section 6. 

 
 

RELATED WORKS 

A clustering algorithm makes k groups from n unlabeled objects such that each 

group contains at least one object. Hierarchical clustering is one of the clustering algo-

rithms used for time series clustering, whereby a nested hierarchy of similar groups is 

generated based on a pair-wise distance matrix of time series [8]. Hierarchical clustering 
has notable visualization power in time series clustering [9]. Consequently, it is used to a 

great extent for time series clustering [10]–[12]. However, hierarchical clustering alone 

cannot deal effectively with large time series datasets [13] due to its quadratic computa-

tional complexity. Accordingly, it is restricted to small datasets because of its poor scala-

bility. 

Another compatible clustering algorithm with time series is k-Means [14], whereby 

each cluster has a prototype that is the mean value of its objects. The main idea behind 

k-Means clustering is the minimization of the total distance (typically, Euclidian distance) 

among all objects in a cluster from their cluster center (prototype). However, defining a 

prototype in k-Means algorithm is challenging and not trivial in the clustering of time 

series data [15]. Therefore, another member of partitioning family, i.e., k-Medoids algo-
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rithm [16], is usually used where the prototype of each cluster is one of the nearest ob-
jects to the center of the cluster. Both k-Means and k-Medoids are very fast compared 

with hierarchical clustering [14], [17], which makes them very suitable for time series 

clustering [18]. Therefore these two methods have been used in many works either in 

their “hard” manner [19]–[24] or “crispy” manner as FCM (Fuzzy c-Means) and Fuzzy 

c-Medoids for time-series clustering [25]–[29].  

Generally, partitioning approaches are more compatible with equal-length time se-

ries because defining the prototype for a group of unequal time series is not very 

straightforward. However, partitioning is used widely in time series clustering because it 

is more efficient than other algorithms, such as hierarchical clustering [13]. 

Whether hierarchical or partitional algorithms are adopted, time series should be 

represented in a lower dimension space, as mentioned before. Time series reduction 
techniques have progressed a long way and are widely used for large-scale time series 

datasets, each with their own features and drawbacks. Many researchers have focused on 

representation and dimensionality reduction, and results have been published in this area 

[6], [9], [30]–[34]. In addition, a comprehensive comparison [35] has been conducted on 

eight representation methods on 38 data sets. Even though they have investigated the 

indexing effectiveness of representation methods, the results are advantageous for clus-

tering as well. Representation methods are compared using tightness of lower bounds. 

Moreover, very little difference can be observed among diverse representations in large 

data sets. 

Among all these techniques, we have chosen SAX representation. SAX [2] is a 

two-stage process that transfers a time series into the Piecewise Aggregate Approxima-

tion (PAA) representation [4], [34], and then maps the coefficients to symbols. In PAA, 
the time series are approximated using the segmentation approach. The mean value of 

equal-length segmentations of time series are used as the approximate value.  

Our motivation for choosing SAX as representation method is its symbolization 

characteristic, which begs the question “why is symbolization important?” When time 

series is transferred as a symbolic representation, it needs less memory, which is very 

essential in applications that deal with a huge amount of time series data. In such appli-

cations, fetching time series data from disk to memory is a serious challenge, and appro-

priate data compression is highly important. In considering clustering algorithms, which 

typically require the recalculation of models directly on the main memory per iteration, 

the symbolic representation of data will speed up the time execution of the clustering 

algorithm. As an evidence, Bagnall and Janacek [21] used a type of symbolic representa-
tion to provide time improvement for clustering algorithms. 

Considering the SAX representation, some works toward improving the representa-

tion or customization of SAX according to the application at hand are seen in literature. 

For example, Extended SAX (ESAX) [36] and Multi resolution SAX [37] are two of 

them. Lkhagva et al. [36] considered the importance of accuracy in financial systems and 

proposed ESAX, which is a symbolic representation customized for financial time series. 

Liu & Shao [38] presented a similarity measure based on SAX for financial time series. 

They focused on the drawbacks of SAX representation and the lack of consideration for 

dynamic trend information. They proposed a similarity measure function, Composite–

Distance–Function, which joins point distance advantages and trend-distance advantages 

together. However, the more dimensional reduction inevitably corresponds to less time 

execution, and consequently, to more data loss and higher inaccuracy. 
Apart from the representation method, time series clustering accuracy significantly 
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relies on distance measure. In traditional clustering algorithms, the distance between 
static objects is exact-match-based, but in time series clustering, distance is usually ap-

proximately calculated. Different measures can be applied to measure the distance be-

tween time series. Warrenliao [39] presented the formulas of various measures. Moreo-

ver, Zhang et al. [40] performed a complete survey on the aforementioned distance 

measurements and compared them in different applications. Some of the similarity 

measures are proposed based on a specific time series representation (e.g., MINDIST [2], 

which is compatible with SAX), and some of these measures work regardless of repre-

sentation methods, or are compatible with raw time series, such as Euclidean distance 

(ED). In the following section, we propose a new approach for distance calculation be-

tween approximated time series. 

 

APPROXIMATE DISTANCE (APXDIST) 

We start this section by providing some basic notation and preliminary definitions.  

Definition 1. Time series: A time series Fi = {f1, . . , ft, . . , fT} is a ordered set of flow 

vectors which indicate the spatiotemporal characteristics of moving objects at any time t 

of the total track life T [26]. A flow vector or feature vector ft = [X, Y, Z, … ] generally 

represents location and dynamics in the domain. However, we limit ourselves to just a 

spatial location ft = [X] in this work for the sake of simplicity. We assume M =
{F1, . . , Fi, . . , Fn} is a collection of time series in a domain, where Fi represents i-th time 

series (i = 1,..,n) in the domain. 

Definition 2. Similar time series: Two time series Fi and Fj are defined as similar if 

and only if dis(Fi, Fj) = 0 , where dis(Fi, Fj) is a distance function or process for cal-

culating dissimilarity between Fi and Fj. 

SAX is very well studied and well-known to use in basic data mining tasks. Ac-

cordingly, as mentioned, MINDIST was introduced as a compatible distance metric for 

SAX [6]. In MINDIST, the distance between two symbolized time series is calculated 

based on the distance calculation among symbols, e.g., dis(a,a)=0, dis(a,b)=1, dis(a,c)=2, 

and so on. MINDIST is appropriate (and of course was developed) for indexing and clas-

sification problem because it can provide a lower bounding for ED, but it is not accurate 

enough to calculate the distance among time series in clustering problems.  Conse-

quently, a new distance method (APXDIST) is defined in this section based on SAX 

representation, which is the fundamental contribution of this paper. 
SAX representation is based on PAA and assumes normality of the resulting aggre-

gated values [36]. An empirical testing of more than 50 datasets by [2] demonstrated that 

normalized subsequences have high Gaussian distribution. Based on Keogh’s definition 

[6], [41], a list of “breakpoints” (indicated by numbers) is defined to determine the area 

of each symbol in SAX transformation. The “breakpoints” comprise a list of numbers 

B = β1, … , βa−1 that produce equal-sized areas under Gaussian curve (Fig. 3) denoted as 

a. The area under a N(0,1) Gaussian curve is from β
i
 to β

i+1
= 1/a, where β

0
 and 

β
a
 are defined as -∞ and ∞, respectively [2]. Therefore, a time series Fi is represented 

as a set of symbols F̂i = f̂1 … f̂w where f̂ indicates a symbol, and F̂i is the SAX rep-

resentation of time series Fi. 

SAX approximates a time series in terms of sequence length by introducing seg-
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ments (word size) and in terms of amplitude by defining the alphabet size. Hence, it 
needs two parameters, one for controlling the granularity (word size or segments) and 

another for approximating elements (alphabet size). Determining a good trade-off is not 

possible for the parameters of SAX because of its dependency on the dataset. Accord-

ingly, Keogh et al. [41] suggested an empirical approach to determine the best values for 

these parameters. 

Alphabet size (denoted as “a”) is discussed in some studies [2], [6] where the best 

distance measure is determined based on the tightness to ED. The experimental result 

shows that alphabet sizes are not very critical (which is also the strength of SAX). How-

ever, the alphabet size should be in the range of 5 to 8.  

Word size or the number of segments, is another SAX parameter. This parameter is 

indicated as compression ratio of representation, which gives the user the chance to attain 
the ideal compression/fidelity trade-off for their particular application. Given a time se-

ries Fi = {f1, . . , ft, . . , fn}, the compression ratio (CR) is calculated by  

 

 CR =
n

nSeg
  (1) 

 

where n is the length of time series, and nSeg is the number of segments. In this study, 

different compression ratios from 2 to 8 are used. For the sake of simplicity, hereafter, 

different compression ratios are shown as SAX2, SAX3, ..., and SAX8. 

 

 
Fig. 3. Symbolic representation of time series by SAX based on PAA 

Symbols in SAX are defined based on the location of the PAA in these regions. By 

looking up the distances between each pair of symbols in SAX representations of two 

time series, the distance between them are calculated [6]. Therefore, the distance between 

regions should be calculated to determine the distance between two symbols in different 

regions.  For example, five breakpoints B={0.97, 0.43, 0, -0.43, -0.97} are present for 

alphabet size a=6, which divides the entire area under the Gaussian curve into six equi-
probable regions (Fig. 3). Therefore, in MINDIST, the distance between the symbols, 

which is also the distance between regions, is calculated based on these breakpoints. Two 

problems arise from this set up. First, the distance between two symbols existing in 

neighboring regions is considered zero. Second, the maxima and minima points of time 
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series are ignored. In APXDIST, the distance between regions is calculated as the dis-
tance between indicators of the regions. An indicator indicates the highest closeness of 

PAA coefficients (in the region) to the indicator in that region. In defining the indicator, 

the arithmetic mean of each area (minimum and maximum) is defined as the indicator 

and the best estimate of the region: 

 

 Indi =
βi−1 + βi

2
  (2) 

 

where β
0
 is the global minimum, and β

a
 is the global maximum. For example, six 

indicators are defined for a=6, i.e., Ind={(Max+0.97)/2, 0.70, 0.21, -0.21, -070, 

(Min-0.97)/2}. Max (Min) indicates the global maximal (minimal) of the time series in a 

dataset. Indicators are used in APXDIST to calculate the distance between the symbols in 

two different regions associated with the alphabetic symbols. For example, the mean line 
on the area cuts between 0.97 and 0.43, which indicates that the letter “e,” is 0.70.  Fig. 

4 illustrates the APXDIST metric. The black line shows the MINDIST between two 

symbols, whereas the green line indicates the APXDIST distance between the same 

symbols. Accordingly, the indicator of the region related to “a,” that is, the region below 

the cutline -0.97, is the mean line (Min-0.97)/2, where Min refers to the minimum value 

of PAA coefficients for a dataset. Consequently, the distance between the symbols “e” 

and “a” is calculated as distance of two mean lines, that is 0.70-(Min-0.97)/2. 

 
Fig. 4. Computing the distance between time series using APXDIST. 

Based on this definition, the APXDIST between each pair of symbolized time series 

is defined as follows: 

 disAPXDIST(𝐹𝑥 , 𝐹𝑦) = √
n

w
√∑ (dis(Ind𝑥𝑣 , Ind𝑦𝑣))2

w

v=1
 (3) 

 

where Ind𝑥𝑣 is the 𝑣th symbol of the time series F𝑥, n is the length of the time series, 

w is the word size of SAX. Lets Ind𝑥𝑣 be the the indicator of ith region, then dis() 

function between two symbols Indi and Ind𝑗  is calculated by: 
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 dis(Indi, Indj) = {

0                          ,  i = j

|
(βi−1 + βi) − (βj + βj−1)

2
|, else

  (4) 

 

which is pre-computed and read-off by a lookup table. For example, for alphabet with 

cardinality of 6, i.e., a=6, the lookup table is illustrated in Table 1. In this table, consid-

ering the Max=1.5, then, for example dis(a,b) = 0.53. 

 

 
Table 1. Lookup table used by the APXDIST function. This table is a sample for an alphabet 

size of 6. 

dis() 𝐈𝐧𝐝𝒂 𝐈𝐧𝐝𝒃 𝐈𝐧𝐝𝒄 𝐈𝐧𝐝𝒅 𝐈𝐧𝐝𝒆 𝐈𝐧𝐝𝒇 

𝐈𝐧𝐝𝒂 0 0.53 1.02 1.44 1.93 2.46 

𝐈𝐧𝐝𝒃 0.53 0 0.49 0.91 1.40 1.93 

𝐈𝐧𝐝𝒄 1.02 0.49 0 0.42 0.91 1.44 

𝐈𝐧𝐝𝒅 1.44 0.91 0.42 0 0.49 1.02 

𝐈𝐧𝐝𝒆 1.93 1.40 0.91 0.49 0 0.53 

𝐈𝐧𝐝𝒇 2.46 1.93 1.44 1.02 0.53 0 

 

APPROXIMATE CLUSTERING ALGORITHM 

For the approximate clustering of time series, any partitional approach, such as 

k-Means or k-Medoids, or even hierarchical approaches (if the dataset is not that large), 

such as agglomerative or divisive approaches, can be used. However, partitional cluster-

ing, which works better for symbolic representation of time series, is introduced. Interest 

in the use of partitional clustering is heightened by its simplicity, high speed (especially 

in large datasets), and good quality. Moreover, Ding et al. [42] showed that choosing 
centroids on a low dimensional approximation of data increases partitional clustering 

quality. Hence, partitional clustering on approximated data leads to better quality at 

maintained clustering speed. 

Using partitional clustering, the lowest variation within the cluster is found as the 

cost function. The objective of partitional clustering is to find k partitions of approxi-

mated time series as compact and separated as possible in order to minimize the square 

error of time series from the prototype (representative) of each cluster. The Mean and 

Medoid are different popular methods for determining cluster representation in partition-

al clustering. With respect to these prototypes, k-Means and k-Medoids are introduced 

and extended in literature. Generally, k-Medoids is used for its robustness to outliers [43], 

which are unavoidable in time series data sets. In k-Medoids, the representative (proto-
type) of a cluster is one of the time series within the cluster with the maximum similarity 

to others. However, in this paper, an Extended version of k-Modes (Ek-Modes) is intro-

duced and used to partition N data into k groups. The following present the reason for the 
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preference of k-Modes for time series over other partitional algorithms. 

 SAX data is categorical in each segment, and k-Modes work efficiently with cat-

egorical data [44], [45]. 

 Calculating the mode leads to robustness of clustering algorithm to outliers as the 

mean point is easily influenced by outliers [43].  

k-Modes algorithm [44], [45] is based on k-Means family algorithm. k-Modes is 

used in clustering categorical data and has also been used in different works [46], [47]. In 

k-Modes, centroids (prototypes) are replaced with modes of objects, i.e., the mode of 
each cluster is considered as the cluster center, which represents all data objects within 

that cluster. Using the modes, a cluster with strong intra-similarity is obtained when the 

objects are categorical, which results in an efficient clustering of large categorical data 

sets. The efficiency of k-Modes is similar to that of k-Means given the use of similar 

process in k-Means and k-Modes [45].  

To the best of our knowledge, this is the first time that k-Modes is used as a solution 

for approximated time series clustering. In the following sub-section, a customized 

k-Modes algorithm developed for approximate clustering is explained. 

In conventional k-Modes, the total mismatch of corresponding attributes of two ob-

jects is calculated as the distance between two objects. However, the algorithm, which is 

now proposed (Ek-Modes) for time series clustering, is different from k-Modes such that 

another specific distance is used instead of mismatched symbols. Here, APXDIST is used 
to create the dissimilarity matrix. 

The pseudo code for pre-clustering is given in Fig. 5. The superiority of using 

Ek-Modes to other partitioning algorithms is shown experimentally in next Section. 

 

Input: k= number of clusters 

 �̂�: A time-series dataset represented by SAX 
Output: C: Approximated clusters 

Method: Ek-Modes (k, �̂�) 

1. If k =0, decide on a value for k. 

2. Initialize k cluster centers 𝑅𝑘
𝑠 of same dimensionality as 

symbolized time-series by randomizing data objects 

3. iteration s=1 

4. 𝐴𝑁×𝑘= APXDIST distance between each symbolized �̂�𝑥 and 

the centers 𝑅𝑘
𝑠 

5. Assign each �̂�𝑖 to the cluster with the nearest center 𝑅𝑘
𝑠. 

6. Set new cluster centers 𝑅𝑘
𝑠+1 to the center of each cluster k: 

7. 𝑅𝑘
s+1=Mode(𝐶𝑘) 

8. If none of the N time series changes membership, the cluster-

ing is complete. Otherwise, repeat steps 4 to 7. 

9. return C 

Fig. 5. Pseudo code for pre-clustering by Ek-Modes 

 

Two input parameters are taken in this algorithm. The first parameter is k, which 
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determines the final number of clusters, called the natural clusters in the dataset. The user 
is assumed to have a good guess for k, as in most methods. The second parameter is a set 

of symbolized time series �̂� represented by SAX. In this algorithm, k cluster centers are 

initialized as the prototypes of the clusters. These prototypes are denoted as Rk
𝑠  (where 

s=1 for the first iteration), and are of the same dimensionality as the time series (Equation 

7). They are initialized either randomly, or in such a manner that they are not outlier time 

series (Line 1). Iteration starts with the set of initialized prototypes (Line 3). Then, the 

distance between the symbolized time series and the chosen centers Rk
𝑠  are calculated 

and stored in an N-by-k dissimilarity matrix (𝐴𝑁×𝑘), where 𝐴𝑖𝑗 is the distance between 

time series �̂�𝑖 and prototype R𝑗
𝑠 (Line 4). However, the distance is calculated in a dif-

ferent way from conventional k-Modes. That is, instead of total mismatches of corre-

sponding attributes of two objects, the approximate distance (APXDIST) is used to create 

the dissimilarity matrix (Equation 3). Then, each time series �̂�𝑖 is assigned to the cluster 

with the nearest cluster centre (Line 5). Subsequently, an objective function is defined 
which is the goal of clustering and is expressed as Sum of the Squared Error (SSE). This 

function computes the error of each time series as distance of the time series to the clos-

est prototype (i.e. mode of cluster), and then calculates the total sum of the squared errors. 

Minimizing SSE, approximated time series are partitioned into k clusters. Therefore, the 

lowest variation within the cluster is calculated by 

 

 SSE = ∑ ∑ disAPXDIST(F̂i − Rj
𝑠
)

F̂i∈ Ĉj

k

j=1
 (5) 

where F̂i is an approximated time series of pre-cluster Ĉj , and Rj
𝑠 is the prototype of 

the jth cluster in the sth iteration. Subsequently, the prototype of each cluster is updated 
according to the time series of the cluster (Line 7). Here, a prototype is updated for each 

iteration as the mode of each cluster and is considered as the cluster center, which repre-

sents all dimensionality reduced time series within that cluster, that is 

 

 Rk
s+1=Mode(Ĉj) (6) 

 

where s indicates the iteration number and Ĉj = {F̂1, . . . . , F̂n} is a set of time series data 

of length n within a cluster with F̂i = {f̂1, . . . . , f̂n}. The domain of F̂i is the alphabet W 

defined in SAX by categorical attributes w1, w2, . . , wa. Then, the prototype of the clus-

ter is the mode of Ĉj, and is defined as a vector R̂j = {r̂1, . . , r̂i , . . , r̂n}, where r̂i is the 

most frequently occurring value in W:  

 

 𝑖𝑓  (f̂i = wj    ∨   |wj| > |wx|)   𝑡ℎ𝑒𝑛   r̂i = wj   ∀wx ∈ W,     ∀F̂i ∈ Ĉj   (7) 
 

where |wj|  indicates the most frequent value of f̂i  for the domain of W =

{w1, w2, . . , wa}. Considering three sample time series represented by SAX in the cluster 

Ĉk, that is, F̂1: abbcc, F̂2: acccd, and F̂3:bbbcc, the “mode” of the cluster is defined as: 

R̂k=abbcc. Using this technique, the prototype of a cluster time series data is constructed. 
Then, iteration is continued until convergence, i.e., until all cluster centers stabilize. In 

general, the quality of the clusters and the modes themselves will essentially be improved 
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after iteration. 
 

EMPIRICAL EVALUATION 

In the following sub-sections, the data sets initially used in empirical evaluation are 

explained, and then the results gained from applying the algorithm on the data set are 

shown. 

A. Datasets 

The proposed algorithm is used in the experiment with 19 various data sets obtained 

from UCR time series data mining archive [48], which contains various numbers of clus-

ters that are of different sizes, shapes, and densities. Its time series contain noise points as 

well as special artifacts, which are used in many articles. Moreover, in order to further 

confirm the effectiveness of the proposed method, an experiment is carried out on a large 

synthetic datasets. For this purpose, Cylinder–Bell–Funnel (CBF) dataset with different 

sizes are generated up to 20,000 time-series, and accuracy of clustering is computed for 

each dataset. CBF dataset is a syntactic dataset (artificial) which has the properties of 
temporal domain and was originally proposed by Saito [49] and then used by many 

works [6], [50], [51]. This dataset is one of the most commonly used dataset for 

time-series classification and clustering experiments. This dataset includes three types of 

time-series: cylinder (c), bell (b) and funnel (f). In order to show the scalability of the 

proposed method, different sizes of CBF are generated and used in this study. The in-

stances are generated using random functions as follows [51]. 

 

c(t) = (6 + μ). X[a,b](t) + ε(t) 

b(t) = (6 + μ). X[a,b](t − a)/(b − a) + ε(t) 

f(t) = (6 + μ). X[a,b](b − t)/(b − a) + ε(t) 

(8) 

and 

 X[a,b] = {
0, if t < a ˅ t > b

1, if a ≤ t ≤ b
 (9) 

 

where t=1,..,128 and X[a,b] is the characteristic function. μ is drawn from a standard 

normal distribution N(0,1) and cause random amplitude variation in time-series. Some 

random noise inserted in time-series by ε(t) which is drawn from a standard normal 

distribution N(0,1). The value of a is drawn uniformly from the range [16; 32] and (b-a) 

is an integer-value drawn uniformly distribution from the range [32; 96]. Since b-a can 

vary from 32 to 96, there is significant temporal variation in the duration of events. 
Moreover, the start of events also varies because of variation of a from 16 to 32. 

B. Quality metric 

In general, evaluating clustering results is challenging because of the unsupervised 

nature of clustering. However, owning the classified data labeled by human judges or by 

their generator (in synthetic data sets), the result can be evaluated using some measures. 
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In this case the external indices are often used to calculate the quality of a cluster. For 
example, cluster similarity measure (CSM) [39] is one of the simple metrics used for 

validity of clusters in time-series domain [20], [51]–[53]. CSM of a clustering C against 

the ground truth G is given by: 

 

 CSM(C, G) =
1

k
∑ Max1≤j≤k Sim(Cj, Gi) 

k

i=1

 (10) 

where 

 

 Sim(Cj, Gi) =
2|Cj ∩ Gi|

|Cj| + |Gi|
 (11) 

 

The choice of measures in this paper is based on the most common used measures in 

time series clustering in recent studies [54]–[57].  In the evaluation of time-series clus-
tering algorithms, Rand Index, NMI, Purity, Jacard, F-measure, FM, and Entropy (defini-

tions and references exist in [57]) are used in the literatures. All of these clustering eval-

uation criteria have values ranging from 0 to 1, where 1 corresponds to the case when 

ground truth and clustering result are identical and 0 when they are completely different. 

Thus, bigger criteria values are preferred. Each of the mentioned evaluation criterion has 

its own benefit; however, the data mining community has not reached a consensus on the 

best criteria [51]. Therefore, the average of all measures is used to draw the conclusions 

in this paper and to avoid biased evaluation. Therefore, “Quality” of a cluster is a com-

bination of all mentioned criteria. 

C. Approximation Analysis 

Using a reduction method, the average quality (hereafter called quality) of clustering 

may be decreased or increased (it can be increased by solving the outliers and noise is-

sues in the process of representation). Therefore, we initially show how cluster quality is 
dependent on dimensionality reduction and distance measure, then, we repeat the exper-

iments using our proposed approach to show the improvement. 

The average quality of clustering is shown in front of raw time series using standard 

algorithms to show how the use of MINDIST on dimensionality-reduced time series af-

fects the quality (See Fig. 6). In this experiment, we assume that raw time series cluster-

ing has the best quality, and the clusters made by raw time series are considered as 

ground truth. 
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Fig. 6. Quality of clustering of dimensionality reduced time series versus raw time series for different 
algorithms on various data sets (the TRAIN set of UCR repository is used in this experiment for the 

sake of simplicity) 

This diagram shows that if the raw data are considered as the highest having data 

resolution, then the quality is decreased when utilizing SAX (which is one of the best 

approaches for representing data). On average, the quality of clusters using SAX as rep-

resentation is decreased by approximately 40% compared with that using raw data. 

In case the assumption is not true, this chart does not imply that clustering quality 

using dimensionality reduced time series data is better than the raw time series because 

the quality is measured based on the mentioned assumption. However, it shows the dif-
ferences between the two resolutions of time series. Therefore, the difference is a moti-

vation point in evaluating the clusters produced by the dimensionality reduced data.  

The quality may seem to increase by tuning the parameters of dimensionality reduc-

tion approach. However, determining their input parameters is a problem in the repre-

sentation of time series using different approaches. SAX representation confronts this 

issue to some extent through the set up of some parameters. In the following sections, the 

effect of compression-ratio on clustering quality is investigated to show the effect of pa-

rameters on the clustering quality. 

The quality of clusters with different compression ratios of time series is investigat-

ed to find the effect of compression ratio on clustering accuracy. For this experiment, all 

datasets in UCR are adopted, then, conventional k-Medoids algorithm is applied on data 
with various resolutions from very low to the highest (raw time series). The quality of the 

solution before ground truth is shown in the following chart (Fig. 7). 

Surprisingly, better results are seen in higher compression ratios (lower segments) 

of some datasets, but not in general. Noises and outliers in time series that impact the 

distance measures and decrease the accuracy may be present in the data sets in which 

higher compression leads to higher quality. They are mitigated by the representation 

process. It is the main reason that lower resolutions, leads to better clustering quality for 

some datasets. However, the result indicates that the different compression ratios do not 

have much effect on the clustering quality of most data sets. Therefore, the reduction of 

dimensions in time series affects clustering quality, relatively regardless of compression 

ratio. 
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Fig. 7. Quality of k-Medoids on time series represented by SAX (with different resolutions) in front 

of ground truth for various data sets 

D. APXDIST Analysis 

In this experiment, the UCR datasets are again considered in testing the new dis-

tance measure, APXDIST, in front of ED and MINDIST. ED is the measure used in re-

lated works [7] for the calculation of ED between two time series represented by SAX. 

Initially, the dataset is transferred into discrete space (SAX) to make a comparison 
APXDIST with other metrics. Then, three distance matrices are made from each distance 

measure (i.e., APXDIST, MINDIST, and ED). The difference between the obtained dis-

tance matrices and the distance matrix calculated by ED (using raw time series) is com-

puted as tightness of each metric to ED. The tightness of the metrics, for example 

APXDIST, to ED is calculated by the following equation. 

 

Tightness(F̂i, F̂j) = 1 −
|ED(Fi, Fj) − APXDIST (F̂i, F̂j)|

ED(Fi, Fj)
 

(12) 

 

where F̂i is the SAX representation of time series Fi. The average tightness of all UCR 
data sets over the cross product of alphabet=[4–8] and compression ratio=[4–8] is shown 

in Fig. 8. A bigger tightness value indicates more accurate approximation. 

The results show that APXDIST is closer to ED compared with the other two ap-

proaches for most data sets. However, in some cases, ED works better on time series 

represented by SAX. These cases can occur when the time series in a data set have a high 

frequency with many peaks, which may cause a decrease in normalized distribution 

property among the symbols. 
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Fig. 8. Tightness of APXDIST to the ED in comparison to other metrics for various data sets 

Moreover, all distance measures are tested ground truth to show the behavior of dif-

ferent distance metrics in this setup. In this experiment, SAX transformation (word 

size=8, compression ratio=6) is used with different algorithms (k-Means, Hierarchical by 

average linkage and single linkage, Ek-Modes, and k-Medoids). The average quality of 
clustering in front of ground truth is shown in Fig. 9. Although,the effect of these dis-

tance measures on quality of clustering is not very high, it can be important in large or 

sensitive data sets. 

 

 
Fig. 9. The average quality of clustering in front of the ground truth for various algorithms 

E. Ek-Modes Analysis 

The quality of the proposed clustering algorithm is measured in this experiment. We 

have used APXDIST in front of k-Means, k-Mediods, Hierarchical clustering, and 

Ek-Modes. In this experiment, SAX8, SAX6, and SAX4 are used as representation 

methods, and the results are shown based on the average of the values. The average of 
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100 runs is shown in Fig. 10. The result reveals that Ek-Modes has relatively better re-
sults than other algorithms, and it can be chosen as the superior algorithm for clustering 

dimensionality reduced time series.  

 

 
Fig. 10. The average quality of clustering of time series represented by SAX versus ground truth 

using different algorithms on various datasets 

 

Moreover, Fig. 11 depicts the average quality of different algorithms in a boxplot 

that shows the range of confidence in the results. Average quality shows different algo-

rithm accuracy (around 55%) in front of ground truth (Fig. 11). Additionally, the quality 

of clustering in hierarchical and partitional algorithms is relatively the same in front of 
ground truth. However, the experiment shows that Ek-Modes clustering has better results 

when the dimension of time series is reduced. Ek-Modes algorithm is a perfect algorithm 

for the approximation of time series clustering, considering that it is a type of partitioning 

algorithm and that it exploits better speed compared with other algorithms.  

 

 
Fig. 11. Quality of different algorithms in front of ground truth for various clustering algorithms  
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F. Evaluation of large time series clustering 

In this subsection the quality of the proposed clustering algorithm is measured in 
this experiment on large datasets. The synthetic dataset is used to evaluate the sensitivity 

of algorithm in different conditions. For this purpose, CBF dataset with different sizes 

are generated up to 20,000 records, and accuracy of clustering is computed. Moreover, a 

sensitivity analysis is performed with respect to the parameters. The parameters are the 

initialization of clustering and compression-ratio of SAX. Quality of the clustering re-

sults depends on the choices of the initial prototypes in the Ek-Modes, similar to other 

partitioning algorithms. Therefore, since it may encounter local minimum, the best re-

sults may not be generated. Hence, the clustering results may not be stable. To test the 

stability of clustering results, the algorithm is performed numerous times (100 runs) with 

random initializations and its quality is reported to evaluate the clustering model. Some 

statistical values such as minimum, maximum, mean, median or standard deviation is 
used to determine the actual quality of the clustering approach as a boxplot. Moreover, 

quality of final clusters is dependent on compression-ratio of SAX representation. That is, 

different granularities of representation method (i.e. SAX8, SAX6, etc.) lead to different 

clustering results. Therefore, we should illustrate the sensibility of the proposed approach 

on different sizes of data set with various compression-ratios. However, since the objec-

tive of this experiment is to show the scalability of the proposed method on large data 

sets, we can use the average quality for the sake of simplicity. Thus, SAX8, SAX6, and 

SAX4 are used as representation methods, and the results are shown based on the aver-

age clustering quality against different sized of CBF dataset. The average accuracy clus-

tering of 100 runs is depicted using the boxplots in Fig. 12. Using the boxplot, the aver-

age of quality, and its tolerance is shown which is caused by random initialization and 

various compression-ratios of SAX. 
 

 
Fig. 12. Quality of clustering of CBF using Ek-Modes with random initialization and different SAX 

parameters 

The plot (Fig. 12) clearly suggest that some datasets are sensitive to SAX parame-

ters and random initialization of centroids of clustering, and some of them are not sensi-

tive to the parameters. For example, using the data set of size 2400 time series, the aver-
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age of quality is 0.51, and the range of quality changes from 0.42 to 0.53. This tolerance 
is mostly because of random initialization and various compression-ratio values of SAX. 

However, in most of the cases the quality is not very critical to random initialization and 

resolution of time series (compression ratio). It is mostly because of using the lower di-

mension of time-series in Ek-Modes, because prevent the clustering from falling in the 

trap of local minima which is consistent with the findings of Ding et al. [42]. Moreover, a 

deep-looking at different sizes of datasets, it is understood that for more datasets, the 

quality of Ek-Modes is stable and robust to random initialization, especially in large da-

tasets (e.g. datasets with 15000 or 20,000 time series). The mean and median of the qual-

ities that was shown in Fig. 12 are illustrated as a simple plot in Fig. 13 to show the trend 

of quality in large datasets. For the relatively small datasets such as datasets with 900 and 

1200 time series, the quality is around 0.52% due to the low probability of existence of 
outliers in small datasets. Although, some small datasets have higher accuracy than oth-

ers (e.g. 900 and 1200), the trend of the quality shows better quality as the size of dataset 

goes up. 

 

  
Fig. 13. The trend of the quality of Ek-Modes clustering against different sizes of CBF dataset 

G. Complexity Analysis 

In order to compare the execution time of the proposed method in comparison with 
conventional methods, the three distances are applied to the CBF dataset. In our evalua-

tion, the execution time should be measured for the whole clustering function of 

EK-Modes. The execution time of the clustering consists of data reduction by SAX, dis-

tance matrix calculation, and clustering by Ek-Modes. However, because the representa-

tion and clustering process are same in the experiments and are not our focus in this arti-

cle, it is enough to compare the execution time of calculating distance matrix. It is obvi-

ous that the complexity of distance measurement using time series of low dimensionality 

is lesser than high-dimensional or raw time series. However, MINDIST and APXDIST 

need a transformation process to convert time series into symbolic representation. A 

DELL desktop with 4GB RAM and two 2.6 GHz Quad-core Processors was used to run 

all the tests. In this experiment, the average of different dimensionalities is reported for 
each distance measure. The chart presented in Fig. 14 shows timing result values (the 

mean accumulated CPU time in seconds) across different sized of the CBF dataset. The 

0.44

0.46

0.48

0.5

0.52

0.54

0.56

0.58

Q
u

al
it

y 

Quality (median) Quality(Mean)



Approximate clustering of large time-series datasets 

 

 

19 

 

result of this experiment shows that the execution time of APXDIST is very close to 
MINDIST and is lesser than ED. Similar to MINDIST, the low execution time of 

APXDIST in comparison to ED is the advantage of employing the pre-computed look-up 

table. 

 

 
 

Fig. 14. Execution time of distance matrix calculation against different sizes of CBF dataset 

 

CONCLUSION 

In this paper, the approximate clustering of time series is considered as 

pre-processing of more complex data mining tasks. Focusing on SAX representation as 

the most used symbolic transformation, this work introduces a new distance measure. 

The accuracy of the proposed distance measure is evaluated using standard metrics and 
published data set. The proposed method is shown to be more effective compared with 

other approaches in terms of output quality. Additionally, different clustering algorithms 

are evaluated using the proposed distance method to show the best choice for time series 

data clustering. The results show that Ek-Modes is superior to other partitional and hier-

archical algorithms. 
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