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Abstract. Motivated by applications in cyber-physical systems (CPS),
this paper introduces a two-stage hybrid flow shop with heterogenous
parallel tasks for minimizing makespan. There is only one processor for
the first stage and m identical parallel processors for the second stage.
Each task consists of several operations where the first operation execut-
ed at the first stage and afterwards the other operations with different
processing time which can be executed concurrently at the second stage.
The problem is proved to be NP-hard in the strong sense even when
m = 2 and each task consists of only one operation at the second stage.
To deal with the intractable problem, we first equivalently cast it to a
two-stage multiprocessor schedule problem with clustered tasks. Then
we show that the search for an optimal solution of the latter problem
may be restricted to the schedules that execute the first-stage operations
of each task cluster in a chain. Finally, We demonstrate the existence of
an approximation scheme for this problem with a worst-case ratio bound
of 1 + ε and a running time polynomial in 1/ε.

Keywords: Hybrid flow shop, Scheduling, Heterogenous parallel tasks,
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1 Introduction

Rapid advancements in embedded systems, sensors and wireless communication
technologies have led to a next generation of distributed systems that are open,
real time, and deeply interacted with the physical world. Such systems, called
cyber-physical, were recently named the first research priority in networking
& information technology, and many important applications of CPS have been
developed in civilian, military, industry, and government sectors [1]. In this study,
we mention a national demonstration CPS, namely, safety supervision system for
Dandong gold mine (S3DGM), which is built by our laboratory and supported
by the National High Technology Research and Development Program of China.
This system has three layers as shown in Figure 1.
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Fig. 1. Three layers of the safely supervision system for Dandong gold mine.

The first layer consisting of wireless sensor networks (WSN) periodically
gathers the real time physical data in the mine internal environment, and send
these data to the external memory at the second layer. However, many of these
data are useless because of their lack of specifics and half-baked. We design a
dedicated computer system to extract, integrate and specify the rough data at
the second layer, and then obtain the well formulated multidimensional data
structures which can be used directly by the procedures performed at the third
layer. The main objective of the hierarchical multi-layer system is to achieve a
speed-up by pipelining these three levels of processing procedures if there is a
continuous input of sensing and actuation data gathered by WSN.

It is easy to see that the second layer plays a bottleneck role in building
the S3DGM system, and the scheduling of this layer has a great effect on the
system performances. Hence, we concentrate on minimizing the maximum com-
pletion time of all data processing procedures on the second layers which will
consequently benefit the third layer by allowing a larger time slot to perform
procedures at this level. In this study, we utilize a multiprocessor computation
platform at the second layer, and investigate its underlying optimization prob-
lems from a scheduling perspective since they resemble the multi-stage flow-shop
environment with parallel tasks in what follows.

In the data processing problems that motivated our problem, data can be
considered as incoming tasks. Since the most significant property of CPS is
that it must limit the geographic extent of the WSN to a confined local area
[2], the data gathered form the same physical area are viewed as one task here
due to their tight coupling natures. They could be processed by the algorithms
on several processors at a time, and finally, be integrated in to one combined
multidimensional data structure. On the other hand, the algorithms applied to
the data are defined as their operations at respective stages. In the S3DGM
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system, we design one algorithm for constructing each dimension of the final
data structure, and the processing time of algorithms is often correlated with
the complexity of dealing with the corresponding data dimensions. Since the
dimensions of each data structure are different with each other, the operations
(algorithms) of each task may not be the same. The task consisting of operations
with different processing time at one stage is called ”heterogenous”.

Furthermore, each task can be viewed as to be processed during two consec-
utive stages. The first stage loads the associated data from the external memory,
and the second stage executes the algorithms (operations) belong to the task.
Usually in a multiprocessor system the memory accesses are done sequentially, so
only one data loading can be done at a time, whereas the execution of the oper-
ations can be done concurrently on the available processors at the second stage.
Hence the data loading stage corresponds to the stage with only one processor,
and the task execution stage contains m identical parallel processors.

The intent of this paper is to deal with the scheduling problem motivated
above, in which a task is defined as several operations with different processing
time to be concurrently performed by more than one processors at the second
stage, namely, two-stage hybrid flow shop problem with heterogenous parallel
tasks (HFSPHPT, for more detail definition, see in Sect. 2). During the last
three decades, hybrid flow-shop (HFS) and parallel task scheduling (PTS) have
traditionally been studied separately. Almost all of the HSF studies have con-
sidered the restrictive definition for the tasks, that is, a task can be processed
on at most one processor at a time. On the other hand, the majority of research
on PTS has focused on single-stage models. Extensive surveys on HFS and PTS
were presented in [3] and [4] respectively.

Although less represented in the literature, the parallel task scheduling in
multi-stage setting is quite well studied, and the approach of previous research
has been mainly to develop the heuristic and meta-heuristic algorithms of the
problems [5–10]. In this study, we extend the parallel task scheduling research
in the multi-stage flow shop by considering heterogenous operations of one task.
We also broaden the scope of research in this area by proposing an approxima-
tion scheme with polynomial time bound. To demonstrate the existence of the
approximation scheme, we equivalently cast it to a two-stage hybrid flow shop
problem with clustered tasks (HFSPCT), and the closed related hybrid flow
shop problem has been posed by Schuurman and Woeginger in their Corner-
stone paper [11]. Our arguments are strongly based on the ideas of Schuurman
and Woeginger [11]. Moreover, we show that the search for an optimal solution
may be restricted to the schedules with task continuity constraints in each clus-
ter. This new optimal property can be viewed as the new constraints added to
the approximation scheme, which lead to a lower computational complexity and
better worst-case ratio bound than the algorithm in [11].

The paper is organized as follows: after a brief description of the HFSPHPT
problem, the equivalent HFSPCT problem is also described in Sect. 2. Sect. 3
first give an outline of our algorithm, and the more detailed descriptions can
be found in the following sections. Sect. 4 introduces a special schedule of the
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HFSPCT and analyzes the concept of the associated semi-feasible preemptive
schedules (SFPS). In Sect. 5 we formulate the mixed integer program for solving
the SFPS in polynomially time. Sect. 6 contains the approximation scheme for
the HFSPCT, and Sect. 7 concludes the paper.

2 Problem definition

The formal definition of the problem considered in this paper is as follows. There
is a set T = {T1, · · · , Tn} of n independent and concurrently available parallel
tasks to be processed in a two-stage flow-shop, where stage 1 has only one pro-
cessor and stage 2 has m identical parallel processors. Each parallel task Ti ∈ T
consists of sizei + 1 operations: the first operation denoted O1

i with processing
time p1i is executed at the first stage, and afterwards the set of the other sizei
operations denoted by O2

i = {O2
i (1), · · · , O2

i (sizei)} is executed at the second
stage. Denote by p2i (l) the processing time of operation O2

i (l) ∈ O2
i (i = 1, · · · , n;

l = 1, · · · , sizei). Each processor can process at most one operation at a time,
and all operations of tasks may be processed at different processors concurrently
at the second stage. Moreover, no preemption is allowed in operation execution,
i.e., once an operation is started, it must by completed without any interruption.

The objective is to minimize the makespan, i.e., the maximum completion
time of all tasks. The optimal makespan is denoted by C∗max. In the α|β|γ no-
tation (for more information on this three field notation, see for example, [6]),
the flow shop problems we examine are F2(1, Pm)|sizei, p

2
i (l)|C∗max. F2(1, Pm)

signifies a two-stage flow-shop with one and m identical parallel processors at
stages 1 and 2, respectively. The term sizei indicates that we are dealing with
the so called parallel task system, where any task consists of sizei operations
that should be performed on the processors concurrently at stage 2. The term
p2i (l) indicates that the heterogenous parallel task consists of operations with
different processing time.

Problem F2(1, Pm)|sizei, p
2
i (l)|C∗max can be proved to be NP-hard in the

strong sense even with the simplest assumptions as shown in Theorem 1, and
the proof is trivial. Due to the intractable mathematical complexities, we propose
an approximation scheme for this problem, and first equivalent cast it to a new
and (theoretically) easily solved problem, namely, two-stage hybrid flow-shop
problem with clustered tasks (HFSPCT). The latter problem stated below has
a very similar combinational structure with the two-stage multiprocessor flow
shop problem investigated in [11]. Thus, the approximation scheme proposed in
[11] can be extended in this paper.

Theorem 1. Problem F2(1, Pm)|sizei, p
2
i (l)|C∗max is NP-hard even in the case

where there is only one operation in O2
i of each task Ti, and only two processors

at the second stage.

By abuse of notation we denote the problem HFSPCT as what follows. As-
sume a collection of n task sets has to be processed in two stages. The i-th task
set Ti consists of sizei tasks Ti(l) (i = 1, · · · , n; l = 1, · · · , sizei), each consisting
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of a pair of two operations O1
i (l), O2

i (l) that have to be processed in this order.

Operation Oj
i (l) has to spend a time pji (l) at stage j of the process, and pji (l)

is called the processing time or the length of operation Oj
i (l) (j = 1, 2). Fur-

thermore, each operation O2
i (l) cannot be executed at the second stage until all

first-stage operations of tasks in set Ti are completed. That is, the starting time
of each operation O2

i (l) is latter than the ending time of the latest completed
operation of the task in Ti. Accordingly, the tasks in one set is called “clustered
tasks” (CT), and the constraint for the starting time of the operations in one
task cluster is named CT constraint.

In the two-stage hybrid flow shop with clustered tasks, the first stage consists
of a single processor, and at the second stage a number m of identical processors
is available that can be operated in parallel. At any time, every task can be
executed on at most one processor, and every processor can execute at most
one task. Preemption is not allowed. The object of the problem is to obtain a
schedule with the minimal makespan C∗max. In the α|β|γ notation the makespan
minimization in the HFSPCT is denoted by F2(1, Pm)|CT |C∗max.

From the direct point of view, F2(1, Pm)|sizei, p
2
i (l)|C∗max can be equivalently

cast to problem F2(1, Pm)|CT |C∗max as shown in Figure 2, and illustrated as
follows.

Fig. 2. The first operation O1
i of Ti is divided into several pieces as the first operations

in the task cluster Ti.

1) Each task cluster Ti defined in the latter problem corresponds to a task
Ti in the original HFSPHPT problem;

2) The processing time p1i of the first-stage operation O1
i associated with each

task in the HFSPHPT problem is divided into several pieces which are redefined
as p1i (l) in cluster Ti of F2(1, Pm)|CT |C∗max (l = 1, · · · , sizei), and note that∑sizei

l=1 p1i (l) = p1i ;
3) Each second-stage operationO2

i (l) ∈ O2
i defined in the HFSPHPT is equiv-

alent to the second-stage operation with the same symbolO2
i (l) in F2(1, Pm)|CT |C∗max.

However, the first-stage operations in one task cluster may not be executed
in a continuous chain that is inconsistent with the definition of the HFSPHPT
problem. Lemma 1 shows that the search for an optimal solution of the HF-
SPCT problem must be restricted to the schedules that execute the first-stage
operations of each task cluster in a chain. This completes the discussion of the
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casting procedure, and is very helpful to make the problem easier to be solved.
The details about the proof of Lemma 1 can be found in Appendix A.

Lemma 1. The schedule of F2(1, Pm)|CT |C∗max with the minimal makespan is
an assignment of tasks to processors so that all first-stage operations in one task
cluster must be executed in a continuous chain.

In the rest of the paper, for the sake of convenience, we shall frequently refer
to the (feasible) schedule of F2(1, Pm)|CT |C∗max an ordered assignment of tasks
on the two stage processors which fulfills the condition described in Lemma 1.

3 Outline of the algorithms

Before we go into the details for solving problem F2(1, Pm)|CT |C∗max, we give
a short outline of the algorithm.

A crucial part of the algorithm is to schedule longer operations nearly op-
timally, and the main idea can be described as follows. We first set shorter
operations aside, then construct an efficient schedule of longer operations by
enumerating a polynomial number of schedules for the longer operations, and
finally adding the shorter operations that allow to be preempted in a greedy way
so as to form a schedule which may be infeasible to F2(1, Pm)|CT |C∗max. This
kind of infeasible schedule is called semi-feasible preemptive schedules (SFPS),
which is the solution for a special case of F2(1, Pm)|CT |C∗max. The concept of
the special case is introduced and analyzed in Sect. 4.

To be more specific, the first step in our algorithm is to estimate the upper
bound of the optimal solution and compute the scaled processing time (Sect. 6).
This allows us to divide the tasks into a constant number of task classes and cast
the general version of F2(1, Pm)|CT |C∗max to a special case, namely, SFPS de-
scribed in Sect. 4. After that, we formulate the SFPS problem as a mixed integer
program (MIP) that has a constant number of integer variables and a polyno-
mial number of linear inequalities (Sect. 5). The optimal SFP-Schedule can be
found in polynomial time by using Lenstra’s algorithm to solve the MIP. Since
the gap between the SFP-schedules and the feasible schedules for the special case
of F2(1, Pm)|CT |C∗max is proved to be small (Sect. 4), we then transform the
optimal SFP-Schedule into a schedule that is feasible for F2(1, Pm)|CT |C∗max

whose makespan is just slightly larger than the SFPS makespan (See in Sect. 4
and Appendix B for details). Finally, the feasible schedule for the special case
can be cast into a feasible schedule for the original instance by using the scaling
procedure conversely (Sect. 6).

4 A special case and the SFPS combinatorics

This section introduces and analyzes a special case of problem F2(1, Pm)|CT |C∗max

that fulfills the property 1 below.
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Property 1. For i = 1, · · · , n, j = 1, 2 and l = 1, · · · , sizei, 0 < pji (l) ≤ f4 holds;

moreover, if f < pji (l) ≤ f4, then pji (l) is integer.

Operations of length pji (l) ≥ f are called big operations, and the ones of

length pji (l) < f are called small operations. The tasks are partitioned into
several classes T [x, y] with x, y ∈ {0} ∪ {f, f + 1, · · · , f4}: Task Ti(l) is in class
T [x, y] if and only if (i) p1i (l) is small and x = 0, or p1i (l) is big and x = p1i (l),
and if (ii) p2i (l) is small and y = 0, or p2i (l) is big and y = p2i (l). For every
class T [x, y], let πx,y be the following ordering of the tasks in T [x, y]: For two
arbitrary tasks Ti(u) and Tj(v) in T [x, y], task Ti(u) precedes Tj(v) in πx,y
if and only if (i) the processing time of their operations fulfill the inequality
p1i (u)/p2i (u) < p1j (v)/p2j (v) or (ii) p1i (u)/p2i (u) = p1j (v)/p2j (v).

Note that the property 1 has been stated for F2(P )| · |Cmax in [11]. We
suspect that the additional structure of the problem F2(1, Pm)|CT |C∗max would
allow us to obtain a simpler case in general which is proposed as follows.

Case 1. For a given problem F2(1, Pm)|CT |C∗max with n task clusters and one
first-stage processor, m second-stage processors, we define sizei + 1 tasks in
Ti such as {Ti(0), Ti(l), · · · , Ti(sizei)}, each consisting of a pair of operations
O1

i (l) and O2
i (l), and the associated processing time are defined as follows. (i)

p1i (l) = εp2i (l) with ε 7→ 0 if 1 ≤ l ≤ sizei, or p1i (l) = dp1i −
∑sizei

l=1 p1i (l)e; because
of the up rounding of the processing time, this may shift up to one additional
unit of processing time into the first-stage operation O1

i . (ii) p2i (l) = ε if l = 0,
or p2i (l) is equal to the same one defined in F2(1, Pm)|CT |C∗max.

It is easy to see that by choosing the proper values of f and ε, each instance
of the original HFSPHPT problem with the integer processing time tasks can be
equivalently transformed into an instance defined in Cas. 1 which fulfills property
1 and ensures that p1i (0), p2i (l) ≥ f and p2i (0), p1i (l) � f (l 6= 0). The detailed
transformation process is exhibited in Sect.6, and after this transformation, there
are only two kinds of classes T [x, 0] and T [0, y] in this case, which is much easier
to deal with than the four kinds of the classes defined in [11].

In the following, we will investigate preemptive schedules on the instance
defined in Cas. 1 where the processing of some small operations is preempted and
split into several parts. These parts then are called the suboperations of the small
operations which have been defined in [11]. If a small operation is not preempted,
it can be viewed to consist of a single suboperation. Therefore, any operation
in such a preemptive schedule is either a big operation or a suboperation. We
also denote the starting time of a preempted operation as the starting time of
its first operation, and let the completion time of its last suboperation be the
completion time of the whole preempted operation.

Define an integer g = f2+∆f (∆f � f) and consider the time intervals Ik =
[kg, (k+ 1)g] for integers k ≥ 0, we focus on an instance of F2(1, Pm)|CT |C∗max

defined in Case 1, and propose the following properties of a preemptive (and
thus: infeasible) schedule for this instance.

(S1) All big operations are not allowed to be processed with preemption.
While small operations may be arbitrarily preempted into suboperations. Every
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suboperation has its completion time in the same interval Ik in which it has
been started. Suboperations that belong to the same small operation are allowed
to overlap each other in time.

In this paper we only need to consider a task that consists of one big operation
and one small operation that may be split into several suboperations. Then
condition (S1) allows the suboperations to overlap with each other, but it does
not allow that they overlap with the big operation.

(S2) For any processor in any stage and for any time interval Ik, the big
operations and suboperations during Ik are executed in the following way. First
assign the suboperations in arbitrary order: The first suboperation starts at an
integer time point, and subsequently followed the rest of the suboperations with
no idle time between them. Then assign the big operations that start in order
of non-decreasing processing time and every big operation should start at an
integer time point. Since all the big operations are integers, there may be idle
time between the last suboperation and the first big operation in Ik, but there
is no idle time between any two adjacent big operations.

As stressed in [11], condition (S2) only concerns operations that are start-
ed during Ik. At the beginning of Ik, the processor may still be busy with
completing another operation that was started in an earlier time interval.

(S3) For each task Ti(l), the operations O1
i (l) and O2

i (l) can not be processed
during the same time interval Ik. That is, O2

i (l) can never start before Ik+1 if
O1

i (l) is completed during Ik.
(S4) For any class T [x, y] (x = 0 ⊕ y = 0), and for any two tasks Ti(u)

and Tj(v) where Ti(u) precedes Tj(v) in πx,y, let Ia and Ib denote the time
intervals where the operations O1

i (u) and O1
j (v) are completed, and let Ic and

Id denote the time intervals where the operations O2
i (u) and O2

j (v) are started,
respectively, the following holds: a ≤ b and c ≤ d.

Consider the instances defined in Case 1, all tasks in each class have the same
rate ε; thus, condition (S4) can be omitted in this paper, and the ordering πx,y
can be set arbitrarily for the sake of continence.

(S5) For the processor at the first stage and any time interval Ik in which
at least one big operation is completed, the total processing time of all subop-
erations is bounded by the sum of the processing time of all small first-stage
operations whose big operations are completed during Ik.

(S6) For the first-stage processor and any time interval Ik, the suboperation
allowed to start in Ik indicates that its associated big first-stage operation is
completed in Ik or in some earlier interval.

We remark that properties (S1) to (S4) were first introduced and used in
[12, 11], and properties (S5) and (S6) are first proposed in this paper to de-
scribe the clustered tasks according to Lemma 1. Obviously, a schedule that
fulfills conditions (S1)-(S6) is called a semi-feasible preemptive schedule (SFP-
S). A schedule that is feasible with respect to the constraints of the problem
F2(1, Pm)|CT |C∗max is simply named a feasible schedule.

Theorem 2. For any instance of F2(1, Pm)|CT |C∗max defined in Case 1 that
fulfills property 1, if there is a feasible schedule Σ′ with makespan at most f4,
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then there also exists a SFP-schedule Σ with makespan bounded by f2g = f4 +
∆f ∗ f2.

In order to obtain the upper bound referred in Theorem 2, we transform the
feasible schedule Σ′ via two intermediate schedules Σ′′ and Σ′′′ into an SFP-
schedule Σ. The details about this procedure can be found in Appendix B. Based
on Theorem 2, we can get the following result, details about proof of which is
shown in Appendix C.

Theorem 3. For any instance of F2(1, Pm)|CT |C∗max defined in Case 1 that
fulfills property 1, if there exists an SFP-schedule Σ with makespan at most
(f2 + 2)g, then there also exists a feasible schedule Σ∗ with makespan at most
f4 + (2 + 2∆f) ∗ f2 + 4∆f (∆f � f). Moreover, schedule Σ∗ can be computed
in polynomial time.

5 A mixed integer program for SFP-schedules

In this section, we will formulate the SFP-schedule of the form 1 as a mixed
integer programming formulation, which leads to an efficient algorithm for find-
ing close to optimal SFP-schedules. Note that the similar (MIP) formulation has
been proposed in [11], but the formulation here is much easier to solve with less
constants, variables and inequalities.

In order to introduce this MIP formulation, we first denote the non-negative
integers αx,k and βx,k to encode the schedule structure during a given Ik on
a given processor P (x ∈ {f, f + 1, · · · , f4}), where αx,k (βx,k) represents the
number of operations of length x that start (complete) during interval Ik. Note
that 0 ≤ α, β < f + 1 holds for f ≤ x ≤ f4 and the total number of α, β in the
whole schedule is 2(f4 − f + 1), since every Ik has length g = f2 +∆f).

Moreover, we introduce another non-negative integer γk associated with αx,k

and βx,k, and let the total processing time of all suboperations started during Ik

be the value of γk. We assume that γk ≤
∑f4

x=f δxβx,k for the first-stage processor
because of condition (S5) where δx denotes the minimal total processing time of
small first-stage operations associate with big operations with length x. For the
sake of convenience, we will redefine γk as two terms γ1k and γ2k for the first and
second stages respectively.

For some integer matrix (αx,k, βx,k, γ
1
k) encoding the first-stage processor,

x ∈ {f, f + 1, · · · , f4} and 1 ≤ k ≤ f2 + 1, we will assign the starting time
for the big operations and for the blocks of suboperation in every time interval
Ik: First the blocks of suboperations of length γk starts at the earliest possible
integer in Ik. Second, the big first-stage operations start at the earliest possible
integer time points such that they are in non-decreasing order of processing time.
The above procedure goes through the time intervals Ik by increasing index,
and there may be some exceptions during running the procedure, for example,
some of the operations indexed in αx,k (or the operations indexed in βx,k) cannot
be started (or completed) in the time interval, or the block of suboperations pro-
trudes into the next time interval. In this case we call the matrix (αx,k, βx,k, γk)
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infeasible. Otherwise, the matrix is feasible. The matrix (αx,k, βx,k, γk) fully en-
coded the structure of an SFP-schedule on the first-stage processor, and this
matrix constitutes the type of this encoding. In a similar way, one defines types
for second-stage processors (by running through the time intervals by decreasing
index, and by starting every operation at the latest possible integer time point).

Let (α
(1)
x,k, β

(1)
x,k, γ

1(1)
k |γ2(1)k ), · · · , (α(T )

x,k , β
(T )
x,k , γ

1(T )
k |γ2(T )

k ) be an enumeration of
the matrices of all feasible processor types for processors at the first and second
stages. As stressed in [11], the number T of types is some constant that only
depends on f , and the feasible processor types are not variables of the MIP
formulation. For simplicity of presentation, in our MIP formulation we will allow
the processors in both stages to take the types constructed for both stages with
their own γik (i = 1, 2).

The rest of constants and the variables used in the MIP formulation will be
listed as follows.
Constant:
nxy is the number of jobs in the class J [x, y], for x, y ∈ {0} ∪{f, f + 1, · · · , f4}
and x = 0⊕y = 0. mi is the processor number in stage i, for i = 1, 2; Obviously,
m1 = 1, and m2 = m. SM[x, 0] and SM[0, y] are the total processing time of small
operations in J [x, 0] and J [0, y] respectively, for x, y ∈ {f, f + 1, · · · , f4}.
Integer Variable:

z
(t)
i denotes the number of processors of type (α

(t)
x,k, β

(t)
x,k, γ

i
k) in stage i, where

i = 1, 2 and t = 1, · · · , T . ux,0,k denotes the number of big operations in J [x, 0]
that are completed during Ik on a first-stage processor, and accordingly, let
u0,y,k denote the number of big operations in J [0, y] that are started during Ik

on a second-stage processor, where x, y ∈ {f, f + 1, · · · , f4} and 0 ≤ k ≤ f2 + 1.
Continuous Variable:
Ux,0,k and U0,y,k denote the total processing time of small operations in J [x, 0],
respectively J [0, y], processed during Ik, where x, y ∈ {f, f + 1, · · · , f4} and
0 ≤ k ≤ f2 + 1.

Note that the number of the integer and continuous variables listed above
is a constant that depends only on f , but not on the input of the problem. In
the following, we will describe the constraints of the MIP formulation, many of
which has been first proposed in [11].

Constraints (1) indicate that the processor number in stage i should be equal
to mi.

T∑
t=1

z
(t)
i = mi for i = 1, 2. (1)

Constraints (2) ensure that every big operation in J [x, y] has to be assigned to
some starting time,

f2+1∑
k=0

ux,y,k = nxy for x, y ∈ {0} ∪ {f, · · · , f4}, x = 0⊕ y = 0. (2)

The number of big first-stage operations of length x that are completed dur-

ing interval Ik is at most
∑T

t=1 β
(t)
x,kz

(t)
1 . Therefore, the upper bound on the
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corresponding variables ux,0,k is yielded as follows.

T∑
t=1

β
(t)
x,kz

(t)
1 ≥ ux,0,k for x ∈ {f, · · · , f4}, k ∈ {0, · · · , f2 + 1}. (3)

Symmetrically, constraints (4) get the upper bound for the number of big second-
stage operations of length y that are started during interval Ik.

T∑
t=1

α
(t)
y,kz

(t)
2 ≥ u0,y,k for y ∈ {f, · · · , f4}, k ∈ {0, · · · , f2 + 1}. (4)

Constraints (5) imply that all small operations in J [x, 0] and J [0, y] must be
processed during some time interval Ik.

f2+1∑
k=0

Ux,y,k ≥ SM[x, y] for x, y ∈ {0} ∪ {f, · · · , f4}, x = 0⊕ y = 0. (5)

Constraints (6) and (7) ensure that the selected processor types must be able to
accommodate all small operations in both stages.

T∑
t=1

γ
1(t)
k z

(t)
1 ≥

f4∑
y=f

U0,y,k for k ∈ {0, · · · , f2 + 1}. (6)

T∑
t=1

γ
2(t)
k z

(t)
2 ≥

f4∑
x=f

Ux,0,k for k ∈ {0, · · · , f2 + 1}. (7)

Consider some fixed number y, y ∈ {f, · · · , f4}, and recall the reordering proce-
dure for π0,y that has been indicated in property (S6). The new ordering sorts
the small first-stage operations in T [0, y] by the non-decreasing completion time
of their associated big first-stage operations. For any two non-negative integers
x and y which denote the length of first-stage operation and second-stage oper-
ation respectively, let y ≺ x indicate that the first-stage operation with length
x and the second-stage operation with length y belong to one job set. We add
the following inequalities to the MIP formulation to ensure condition (S3) and
(S6) such that the second stage operations can not start until their associat-
ed first stage big operation completes its execution. For x, y ∈ {f, · · · , f4} and
k ∈ {0, · · · , f2 + 1}:

k−1∑
h=0

ux,0,h ≥ u0,y,k for y ≺ x (8)

Note that the inequalities induced by condition (S4) are omitted here because
the jobs in all classes J [0, y] (f ≤ y ≤ f4) defined in Case 1 have the same rate
ε.

The number of variables in this MIP formulation is O(f6 + 2T ), and the
number of inequalities is O(f6). In the other hand, the numbers of variables and



12 Jinghao Sun and Yakun Meng

inequalities in the MIP formulation proposed in [11] are bounded by O(f12 +
2T ) and O(f8) respectively. Thus, the formulation proposed here contains much
less variables and inequalities. It is worth note that since the MIP formulation
consists of a constant number of continuous variables of a constant number
of integer variables (where these constants depend on f), and of a polynomial
number of linear inequalities, we may apply Lenstra’s method to find a feasible
solution. As stated in [11], this kind of MIP formulation with fixed number of
integer variables is polynomially solvable and the following theorem of the MIP
formulation first proved in [11] is also correct here.

Theorem 4. For any instance of F2(1, Pm)|CT |C∗max defined in Case1 the fol-
lowing holds: If there exists a feasible schedule with makespan at most f4, then
the corresponding MIP formulation has at least one feasible solution. Moreover,
a feasible solution can be found in polynomial time.

According to Theorem 3 and Theorem 4, it is easy to prove the following
theorem.

Theorem 5. For any instance of F2(1, Pm)|CT |C∗max defined in Case 1 that
fulfills property 1 the following holds: From any feasible solution for the MIP for-
mulation, one can compute in polynomial time a feasible schedule with makespan
at most f4 + (2 + 2∆f) ∗ f2 + 4∆f (∆f � f) for the original schedule instance.

6 The polynomial time approximation scheme

In this section, we deal with the general case of problem F2(1, Pm)|CT |C∗max

where the property 1 can be omitted, and our goal is to compute a schedule
with makespan at most (1 + ε)C∗max for some given 0 < ε < 1 (Here we define
f := d35/εe). In the following, we denote C as an estimate of C∗max and give the
algorithm below.

The algorithm TEST(C) is a modified version of the one that is originally
proposed in [11]. The main modification is in the first step of TEST(C), where
we compute the scaled processing time by choosing the proper value of f and
ε, and then transfer each arbitrary task set into a scaled task set that has been
described in Case 1. This yields an task set that only contains two kinds of task
classes T [x, 0] and T [0, y]. Compare with four kinds of task classes defined in
[11], the scaled task set proposed here has less probabilities to discuss, which
lead to a easier MIP formulation proposed in Section 5. Finally, it is worth note
that the algorithm TEST(C) can be implemented to run in polynomial time
according to Theorem 4 and 5.

Theorem 6. For C∗max ≤ C, algorithm TEST(C) always outputs a schedule
with makespan at most (f + 17)C/f .

Proof. For the unscaled processing time pji (l), there must be a feasible sched-
ule

∑
with makespan at most C if C∗max ≤ C. According to property 1, the

makespan of the scaled version of schedule
∑

should be bounded by f4. In this
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Algorithm 1 TEST(C)

1: Choose the proper f and ε in order to fulfill f > 3

√
C/min1≤i≤n,j=1,2,1≤l≤sizei

pji (l)

and ε < min{p1i (0), p2i (l)}/max p2i (l)− C/(f3 max p2i (l)). For each task Ti, we for-
mulate sizei+1 two-stage subtasks Ti(0), · · · , Ti(sizei) by using the fixed f and ε as
described in Case 1. Moreover, for 1 ≤ i ≤ n, j = 1, 2 and 0 ≤ l ≤ sizei, compute the
scaled processing time P j

i (l) as follows: If f4pji (l)/C < f , then P j
i (l) = f4pji (l)/C.

Otherwise, set P j
i (l) = bf4pji (l)/Cc. This yields an instance that fulfills the prop-

erty 1.
2: Solve the MIP formulation as defined in Sec. 4 for the scaled processing time P j

i l.
In case the MIP formulation dose not process a feasible point, we say that algorith-
m TEST(C) terminates without producing a schedule. Otherwise, transform the
feasible point of the MIP formulation into a feasible schedule Σ1 for the processing
time P j

i (l) with makespan at most f4+(2+2∆f)∗f2+4∆f (∆f � f) as described
in Theorem 4.

3: Stretch schedule Σ1 together with all processing time P j
i (l) by a factor of (f +

1)C/f5. This essentially undoes the scaling, and inside of any ‘unscaled’ operation,
there is now sufficient space to accommodate the original operation of length pji (l).
In this case we say that algorithm TEST(C) succussed with the resulting feasible
schedule Σ2 for the original instance.

case, the MIP formulation in Sec. 4 has a feasible solution and TEST(C) suc-
ceeds based on Theorem 4. Moreover, this feasible solution can be transformed
into a feasible schedule with makespan at most f4 + (2 + 2∆f) ∗ f2 + 4∆f
(∆f � f) according to Theorem 5, and the final schedule corresponds to
an unscaled feasible schedule for the original instance with makespan at most
(f4 + 8f3)(f + 1)C/f5 < (f + 17)C/f . ut

Based on the results given above, we will exhibit the polynomial time approx-
imation scheme as follows, and define the four auxiliary variables at first: Aux1 =

maxi≤n,l≤sizei
p1i (l), Aux2 =

∑n
i=1

∑sizei

l=1 p1i (l), Aux3 = maxi≤n,l≤sizei
p2i (l),

and Aux4 = (
∑n

i=1

∑sizei

l=1 p2i (l))/m.

Algorithm 2 MAIN

1: Upp= 2 max{Aux1,Aux2}+ 2 max{Aux3,Aux4};
2: Low=max{Aux1,Aux2,Aux3,Aux4};
3: while (f + 1)Low/f < Upp do
4: MID = 1/2(Upp+Low);
5: if TEST(MID) fail then Low:=MID else Upp=MID;
6: end if
7: end while
8: Output the feasible schedule constructed by TEST(Upp).
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Theorem 7. For any instance of F2(1, Pm)|CT |C∗max, algorithm MAIN outputs
in polynomial time a schedule with makespan at (1 + ε)C∗max.

Proof. Note that the inequality Low≤ C∗max is satisfied during the while-loop and
this is true when the while-loop is entered for the first time because Aux1, · · · ,Aux4

are trivial lower bounds on C∗max. Inside the while-loop, Low is only updated to
MID if TEST(MID) fails. By Theorem 6, this can only be the case if MID< C∗max.

Next, we argue that throughout algorithm MAIN we know a feasible sched-
ule with makespan at most (f + 17)Upp/f . In case Upp is undated inside the
while-loop, the claim follows from Theorem 6. When the stopping condition of
the while-loop is fulfilled, (f + 1)Low/f ≥ Upp must hold. Hence, as MAIN
terminates we have a feasible schedule with makespan at most (f + 17)Upp/f ≤
(f + 17)(f + 1)Low/f2 < (f + 35)Low/f ≤ (1 + ε)C∗max. ut

Theorem 8. There exists a polynomial time approximation scheme for F2(1, Pm)
|CT |C∗max.

7 Conclusions

In this study the extent version of the two-stage hybrid flow shop problem with
heterogenous parallel tasks are investigated. As noted, the research mostly fo-
cused on the GANG-scheduling problems that were different than F2(1, Pm)|sizei,
p2i (l)|C∗max, in such a way that the operations of each parallel task should be exe-
cuted on several simultaneously at the respective stage with the same processing
time. We extend the current literature on hybrid flow shop scheduling problem
where the operations of a task at one stage have different processing time, and
show that the problem of scheduling these two-stage heterogenous parallel tasks
can be solved within (1+ε) of the optimum if we restrict the instances such that
the processing time of the first-stage operation is larger than the total processing
time of the associated second-stage operations multiplied by rate ε→ 0.

It should also be noted that papers [11] and [12] have used similar approaches
for the scheduling settings in the traditional two-stage hybrid flow-shop envi-
ronment. However, these approaches cannot extend to solve the more complex
problem F2(1, Pm)|sizei, p

2
i (l)|C∗max directly. In order to deal with the intractable

problem, we first equivalently cast the problem into an easier solved scheduling
problem with clustered tasks, which is much close related with the problems
in [11, 12], and then the approximation scheme is given for the latter problem.
Moreover, we found that the optimal solutions for the problem with cluster task
constraints may be restricted to the schedules that execute the first-stage op-
erations of each task cluster in a chain. Due to this nature, the approximation
scheme in this paper have a more tight rate such that f := d35/εe is 12/ε smaller
than the one posed in [11], and the MIP proposed here also has much smaller
size and can be solved much easier.
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Appendix A: Proof of Lemma 1

The proof of Lemma 1 is given below.

Proof. Assume that a schedule Σ∗ with the minimal makespan executes the
first-stage operations in a task cluster Ti in a discontinuous chain, for example,
(O1

i (u)−O1
j (v)−O1

i (u′)), and the associated order list of task clusters completed
at the first stage is written as T = (T[1], · · · , T[n]), where T[i] is the i-th task
cluster completed at stage 1. Moreover, denote by C[i] the ending time of the
latest completed first-stage operation in T[i], and the order list of completion time
associated with T is C = {C[1], · · · , C[n]}. We can adjust schedule Σ∗ to a new
schedule denoted Σ′ which executes all first-stage operations in one task cluster
set in a continuous chain and fulfills the inherent order list T; denote by C′ the
associated completion time list of Σ′. It is easy to see that any completion time
C ′[i] in C′ may be less than the associated completion time C[i] in C because the
latest completed first-stage operation of each task cluster T[i] may be started at
an earlier time point during the reordering process. Finally, we shift the schedule
of every second-stage operation in the schedule Σ∗ on its associated second-stage
processor as early as possible according to the new completion time list C′, and
then the second stage of Σ′ is formed. Obviously, the schedule Σ may has a
better makespan than Σ∗, which contradicts the assumption. ut

Appendix B: Transformation Procedure from Σ′ to Σ

Using the similar definition in [11], for a schedule Σ, a time interval I , and a
processor P , we denote by S (Σ,P ,I ) the set of all operations in the schedule
Σ whose execution starts during I on processor P .

In the first transformation step, define g′ = g −∆f = f2 where ∆f is set to
be max1≤i≤n,1<l≤ki

dp2i (l)εe and define time intervals I ′k = [kg′, (k + 1)g′], for
0 ≤ k ≤ f2−1. For a given processor P in schedule Σ′, we insert ∆f units of idle
time into every time interval I ′k to form a gap between the last completion time
of a task started in an earlier interval and the first starting time of a task started
in I ′k as shown in Figure 3. Accordingly, the starting times of the operations in
S (Σ′, P,I ′k) should be shifted without changing their relative ordering: If an
operation in Σ′ was started at time kg′ + s, where s < g′, then its new starting
time becomes kg+s. Repeating this shifting procedure for all processors in both
stages yields another feasible schedule, called Σ′′, whose makespan is bounded
by gf2 and where tasks are only executed during the first f2 time intervals.

Example 1. Figure 3 illustrates how the ∆f units of idle time is inserted into
the time interval I ′k during the first transformation step. We focus on the tasks
that start in the interval I ′k, and mark them with grey. The starting times of
the tasks in I ′k is denotes as {t1, t2, · · · }. After the insertion of ∆f , the interval
is redefined as Ik, and its corresponding length becomes to g = f2 + ∆f . The
new starting time of each task in Ik becomes to ti +∆f .
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Fig. 3. ∆f units of idle time is inserted into every time interval I ′k.

In the second transformation step, for every processor P and for every interval
Ik, let t denote the largest completion time of the operations in S (Σ′′, P,Ik),
and let C denote their total processing time. The operation in S (Σ′′, P,Ik) can
be reordered in the following way:

If there is at least one big operation in S (Σ′′, P,Ik), then the shifting pro-
cedure for S (Σ′′, P,Ik) can be described as follows: First, the suboperations
in interval Ik are executed in the beginning, and then it is followed by the
big operations in Ik sorted into non-decreasing order of the processing time as
shown in Figure 4. Because of the down rounding of t, this may shift up to one
additional unit of processing time into interval Ik, which may be offset by the
definition of the processing time of the big operations at the first stage in Case 1.

Fig. 4. Shift all operations in S (Σ′′, P,Ik) when S (Σ′′, P,Ik) contains at least one
big operation.

Example 2. Figure 4 illustrates how to shift all operations in S (Σ′′, P,Ik). We
first denote by o1, o2, · · · , oi the big operations in S (Σ′′, P,Ik) that are sorted
into non-decreasing order of the processing time. After the shifting procedure,
the last big operation oi is completed at time btc, and the completion time of
oi−1 is btc−pi, where pi is the processing time of oi. Obviously, we can compute
the completion time of each big operation ol by the formula btc−

∑
j<l pj . On the

other hand, the suboperations in interval Ik can be assigned in the beginning
of the interval. It is worth note that the shifting procedure ensures that each
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big operation starts at an integer time point, and it is not necessary for the
suboperation to start at an integer time point.

If S (Σ′′, P,Ik) does only contain suboperations, then their total processing
time C is no more than f2 + ∆f , where f2 is the upper bound of the amount
of operations previously processed in I ′k and ∆f may arise from a suboperation
whose processing protrudes into interval Ik+1. In this case all suboperations in
S (Σ′′, P,Ik) can be reassigned into the interval [(k+ 1)g−C, (k+ 1)g], i.e., to
a time interval of length C at the end of Ik. This may shift up to ∆f additional
units of processing time into the time interval Ik as shown in Figure 5.

Fig. 5. Shift all suboperations in S (Σ′′, P,Ik) when S (Σ′′, P,Ik) only contains sub-
operations.

As similar to the results in [11], the above shift consumes up to∆f units of the
idle time that have been introduced in Ik during the first transformation step;
it makes every suboperation be processed as a whole during one of the intervals
Ik, and it makes every big operation start at an integer time point. Thus, there
may be a fractional idle time between the last suboperation and the first big
operation in every interval Ik as shown in Figure 4. Note that because of the
reordering of the operations, the schedule may be infeasible which may not fulfill
Lemma 1. Moreover, the clustered task constraint may not holds in the current
schedule. Even it is not a feasible solution for the problem F2(P )| · |Cmax in [11].
In order to restore feasibility for F2(P )| · |Cmax and to ensure the clustered task
constraint, we shift the schedule of every processor at the second stage for exactly
2g time units into the future; in other words, the starting time in every time
interval Ik in the second stage is shifted to time interval Ik+2. The resulting
feasible schedule is denoted as Σ′′′. The detailed discussion about that schedule
Σ′′′ indeed is feasible and that Σ′′′ fulfills conditions (S1)-(S3) has been given
in [11]. Note that the makespan of Σ′′′ is less than or equal to the makespan of
Σ′′ plus 2g, and hence is bounded by (f2 + 2)g. Hence, in Σ′′′ tasks are only
executing during the first f2 + 2 time intervals.

In the third transformation step, we remove all first-stage operations in every
T [0, y] from Σ′′′; thus producing a set Gk of gaps during every time interval

Ik, and reset the length of each gap Gk to be min{|Gk|,
∑

O1
i (0)∈Ik

∑ki

l=1 p
1
i (l)}

according to condition (S5). Then reassign the small first-stage operations ac-
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cording to the ordering of them sorted by the non-decreasing order of completion
time of their associated big first-stage operations, and in a greedy way to the
gaps in G0, then to G1, to G2, and so on. If a small first-stage operation does not
fit into the current gap, preempt it. Finally, perform a removal and reassignment
procedure described in [11] for the second-stage operations in T [x, y]: Remove
all second-stage operations in T [x, y] from Σ′′′; thus, producing a set G′k of gaps
during every time interval Ik. Then run backwards through the sequence πx,y,
and fill the sets G′k of gaps one by one in a greedy way, starting with the set G′k
with highest index and ending up with the set G′0.

Note that the removal and reassignment procedure can never introduce pre-
emptions of big operations: All big operations in T [x, y] are of the same length.
Hence, the removal and reassignment procedure just permutes the big opera-
tions within class T [x, y] in place, to make them fulfill condition (S4) as shown
in [11]. Moreover, the reassignment of the length of gaps Gk and the reordering
procedure according to the completion time of big first-stage operations when
x = 0 aim to fulfill conditions (S5) and (S6).

Finally, we adjust the position of every block of suboperations in every in-
terval Ik in such a way that it starts at an integer time point and thus fulfill
condition (S2). The resulting schedule is called Σ. As in Σ′′′, in Σ tasks are only
processed during the first f2 + 2 time intervals. The following claim completes
the proof of Theorem 2.

Claim. Schedule Σ is a SFP-schedule with makespan at most (f2 + 2)g.

The proof of the above claim has been stretched in [11], and the discussion
about T [0, 0] in the proof is not necessary here.

Appendix C: Proof of Theorem 3

The proof of Theorem 3 is given below.

Proof. Define g∗ = g+∆f = f2 + 2∆f and time intervals I ∗k = [kg∗, (k+ 1)g∗],
for 0 ≤ k ≤ f2 + 1. According to the proof of Theorem 2, the operations in
Ik are shifted into I ∗k without changing their relative ordering during the first
transformation step. This essentially inserts ∆f units of idle time into every
time interval and increases the makespan to (f2 + 2)(g + ∆f). Then, remove
all first-stage suboperations, and greedily reinsert the small operations without
preemptions into the gaps in intervals I0,I1, · · · ; the small first-stage operations
insert in each time interval Ik are the ones whose associated big first-stage
operations are completed in the same time interval Ik.

Moreover, perform a symmetric procedure with the small second-stage op-
erations: reinsert them greedily into the intervals · · · ,I2,I1,I0, without pre-
emptions, and in decreasing order of starting times in Σ. Because of the ∆f
units of inserted additional idle time, no second-stage operation is assigned to
an earlier interval than in Σ.
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Finally, for the first stage of schedule, since the length of every gap Gk is
bounded by the sum of processing time of the small operations whose associated
big operations start in interval Ik according to condition (S5), we can adjust
the schedule at stage 1 to a schedule that fulfills Lemma 1. It is easy to see
that the changes do not effect the satisfactory of CT constraint of Σ because
the big first-stage operations will not change their interval denoted Ik, and all
second-stage operations associated with these big first-stage operations will be
executed in the later time interval Ik+l with l ≥ 1 according to condition (S3).
Thus, this resolves all preemptions and violations of CT constraint in Σ, and
yields the desired feasible schedule Σ∗. ut


