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This work proposes an improved artificial bee colony (ABC) algorithm, called the 

rank-based ABC algorithm, which includes a rank-based selection mechanism in the on-
looker bees phase and a modified abandonment mechanism in the scout bees phase for 
solving unconstrained and constrained optimization problems. In the onlooker bees phase, 
the probability that an onlooker bee selects a food source is determined using a nonlinear 
selective pressure function, which is based on a ranking of fitness instead of proportional 
total fitness values. A nectar source with a superior fitness rank has a large probability of 
being selected by onlooker bees as new solutions and so yields a similar “best solution 
pool,” which often comprises the best and several good solutions, therefore, the exploita-
tion capability for searching good solution is enhanced for the basic ABC algorithm. 
Moreover, the modified abandonment mechanism is used in the scout bees phase to in-
crease the exploration capability for searching good solution. Accordingly, this work 
makes the two modifications to the basic ABC algorithm, resulting in well-balanced ex-
ploitation and exploration capabilities. Nine benchmark unconstrained problems that in-
volve low-, mid- and high-dimensional optimization functions, are evaluated to compare 
the computational performance of the proposed rank-based ABC, the basic ABC, a 
crossover type ABC (CABC), a new ABC (NABC), and a Gbest-guided ABC (GABC) 
algorithms. Furthermore, the proposed rank-based ABC that is applied to constrained op-
timization problems is obtained by adding a dynamic penalty function and Deb’s con-
straint handling rules to the unconstrained version of ABC algorithm. Five widely used 
engineering design problems are solved using the five aforementioned ABC algorithms. 
The optima of the objective function and their standard deviations that are obtained using 
the proposed rank-based ABC algorithm are compared with those obtained using the four 
ABC algorithms mentioned above and other evolutionary algorithms.    
 
Keywords: rank-based artificial bee colony algorithm; rank-based selection mechanism; 
modified abandonment mechanism; dynamic penalty function; engineering design prob-
lems. 
 
 

1. INTRODUCTION 
 

Recently developed swarm-based algorithms, which are inspired by the collective 
behavior of social insect colonies that are composed of many individuals [1], have be-
come popular since they often enable individuals in a swarm to search out good solutions 
efficiently through cooperation, competition, and/or interaction. Social behavior in insect 
colonies can often be mimicked to construct a flexible, adaptive learning system in which 
exploration is balanced with exploitation during the search phases. In 1999, March [2] 
reported that exploration involves individual behaviors that are characterized by search, 
discovery, experimentation, risk taking and innovation, while exploitation involves indi-
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vidual behaviors that are characterized by refinement, implementation, efficiency, pro-
duction and selection. Therefore, an appropriate balance between exploration and ex-
ploitation is a primary factor to enable individuals to search out a global optimum effec-
tively for the swarm-based algorithms [3]. Several well-known representative 
swarm-based algorithms include Ant Colony Optimization (ACO) [4], Particle Swarm 
Optimization (PSO) [5], Cuckoo Search (CK) [6], Artificial Bee Colony (ABC) [7, 8] 
and their derivatives. The basic ABC algorithm, which was proposed by Karaboga and 
his coworkers Basturk and Akay [7-9], powerfully finds optimal solutions by seeking 
new nectar sources that are discovered by artificial bees and then exploited. They re-
vealed that the performance of the ABC algorithm is comparable to that of the Differen-
tial Evolution (DE), the Evolutionary Algorithm (EA), and the PSO algorithm, based on 
evaluations using a set of well-known benchmark test functions. Karaboga and Akay 
surveyed in detail a variety of algorithms for simulating the bee swarm intelligence [9]. 
Several studies have statistically compared the performance of swarm optimization algo-
rithms [10, 11]. Also, the several variants of ABC algorithms [12-17] seek to improve 
exploration and exploitation in the search for the potential optimal solution. 

The basic ABC algorithm that was developed by Karaboga et al. introduces three 
classes of artificial bees, which are employed, onlooker, and scout bees. Both the em-
ployed and onlooker bees generally carry out exploitation and exploration by managing 
the capacity of nectar sources and discovering new candidates through a local search in 
the neighborhood of already found food sources, while scout bees employ the exploration 
process by selecting new food sources at random in the search space. The convergence of 
the ABC algorithm is slow, since a new candidate solution is generated by updating a 
one-dimensional vector randomly only around its current solution vectors in every local 
search. Namely, the special search pattern of employed or onlooker bee favors explora-
tion but disfavors exploitation [18-21]. As mentioned above, a good optimization algo-
rithm should balance exploration and exploitation during the search processes. Accord-
ingly, several improved versions of the ABC algorithm have been developed to improve 
the convergence speed and also prevent the trapping at a local optimum during the search 
process in solving complex multimodal problems. Zhu and Kwong [18] proposed a 
Gbest-guided ABC (GABC) algorithm by introducing the global best solution achieved 
so far (gbest) into the search equation to enhance exploitation. They modified the search 
equation by adding a “PSO-like” social learning term. However, the GABC may produce 
oscillating movements of the bees, resulting in an inefficient search. Xu et al. [21] mad 
similar modifications, proposing a New ABC (NABC) algorithm by modifying the 
search pattern. Gao and Liu [19] introduced a Modified ABC (MABC) that was based on 
the concept that underlies the DE algorithm, called ABC/best/1, by applying a modified 
search equation in the employed bees phase. Even although GABC, NABC and MABC 
algorithms all increase exploitation, they may weaken the exploration. Therefore, Gao et 
al. [20] proposed another modified ABC algorithm, called CABC, to balance exploration 
as well as exploitation. They showed that CABC with their modified search equations 
performed well in terms of effectiveness and efficiency in experimental tests on a set of 
22 benchmark functions. Although the search equation of Gao et al. exhibited more ef-
fective exploration does the basic ABC algorithm, it does not exhibit improved exploita-
tion because their proposed search equation did not use any information concerning the 
current position in updating the movement of a bee. Their algorithm may find a worse 
optimal solution at a lower convergence rate, especially when the size of the population 
is small. Therefore, this work proposes a rank-based ABC algorithm with two modifica-
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tions but no modifications of the original search equation that is used in the basic ABC. 
The two proposed modifications favor balance between exploration and exploitation in 
the search for a solution.  

Since the basic ABC algorithm, like other Evolutionary Computation (EC) methods, 
was primarily designed to solve unconstrained optimization problems, Karaboga et al. 
[22-24] presented a constrained version of the ABC algorithm by incorporating Deb’s 
constraint handling rules [25]. Their constrained ABC algorithm is easily implemented 
because they replaced the greedy selection in the employed bees phase and onlooker bees 
phase by Deb’s tournament selection with three heuristic rules to handle feasible and 
infeasible solutions. The most common method for solving constrained optimization 
problems is based on penalty functions, which convert a constrained problem into an 
unconstrained problem by adding a penalty to the objective function when constraints are 
violated and then minimizing the revised objective function using an unconstrained op-
timization algorithm [26]. An unconstrained version of EC algorithm can also be applied 
to constrained optimization problems by using penalty functions. Therefore, this work 
applies a continuous, dynamic penalty function into the objective function and uses 
Deb’s rule, with tournament selection instead of greedy selection, to address the con-
straints effectively. Five constrained engineering design problems are used to evaluate 
the performance of the presented rank-based ABC and some state-of-the-art algorithms. 

2. MATHEMATICAL FORMULATION OF CONSTRAINED OPTIMI-
ZATION PROBLEM   

The general constrained optimization problem can be formulated as the minimiza-
tion of a specified objective function subject to linear or nonlinear constraints as follows. 
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where x


 is a vector of D variables. The mathematical expression )(xf


 is the objec-

tive function, and )(xg


 represents the constrained function with m constraints. 

As mentioned in the Introduction, one common approach to solving a constrained 
optimization problem involves penalty functions. The constrained problem can be con-
verted into an unconstrained one by penalizing the objective function when one or more 
constraints are violated, and then minimizing the modified objective function using an 
unconstrained algorithm. The results that are obtained using non-stationary penalty func-
tions are always better than those obtained using stationary functions [27 28]. In this 
work, Deb’s constraint handling rules [25] and penalty functions are utilized to solve 
constrained optimization problems. A non-stationary penalty function is applied to solve 
the constrained optimization problem, so the objective function shown in Eq. (1) can be 
reformulated as 
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Here, )(xf


 is the original objective function of the constrained problem. The penalty 

value )(iterC  and penalty factor )(xH


 are based on the work of Liu and Lin [29]. The 

term iter denotes the number of the iteration. The terms ))(( xqi


  and )(xqi


 are the 

continuous assignment function and constraint violations, respectively, and the term 
))(( xqi


  represents the power of the maximum violated function which depends on the 

value of )(xqi


. The value of ))(( xqi


 is one when 1)( xqi


; otherwise, ))(( xqi


  

equals two. The remaining constants in Eq. (3) are set to 150,2,5.0  ac  , and 

10b [29]. 

3. RELATED WORKS OF BASIC ABC ALGORITHM AND VARIANTS    

3.1 Basic ABC Algorithm Proposed by Karaboga et al. 
 
As mentioned in the Introduction, the ABC algorithm that was proposed by 

Karaboga et al., referred to as the basic ABC algorithm herein, is inspired by the foraging 
behavior of honey bees as an effective tool for solving optimization problems [7]. Since 
the performance of non-gradient based heuristic algorithms is related to the number and 
the choice of parameters, the basic ABC algorithm is devised using just three control 
parameters, which are the number of food sources (SN), the abandonment parameter 
(Limit), and the termination criterion (itermax). Initially, a total of SN food sources are 
randomly generated using the search equation as follows. 

 
   SNilbubrandlb x jjjji ...,,2,1),)(1,0(,    (4) 

 
where lbj and ubj are the lower and upper bounds on variable ix  in the j-th dimension, 

and j{1,2, …, D}. The rand(0,1) generates pseudo-random numbers whose ele-
ments are uniformly distributed in the interval [0,1]. Generally, the parameter SN 
represents the number of food sources which equals the number of employed bees or 
onlooker bees in the basic ABC algorithm. Then, the objective function (fi) is evaluated 
at every food source using current variables to measure the quality of the nectar source. 
Hence, the fitness value for a certain food source i, ,i fitness can be obtained from the 

value of the objective function as follows. 
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The employed bees with the total number of SN then fly to the food sources ( jix , ) and 

explore new candidates in the neighborhood of already found food sources. A candidate 
position ( jiv , ) is then obtained using neighboring food source (k) and a random number

ji ,  as follows. 

 
)( ,,,,, jkjijijiji xxx v       (6) 

 
where  0.1,0.1, ji  , and j{1,2, …, D} selected at random from the interval of [1, 

D]. If the quality of nectar at jiv ,  is better than that at jix , , then the bee chooses jiv ,  

as the new food source. The strategy of greedy selection is applied in the employed bees 
phase. The employed bee memorizes the final position of the new food source and flies 
back to the hive to share information of the food sources with onlookers. Each onlooker 
bee receives information shared by employed bees and then selects the one of food 
sources that was found by the employed bees, based on a probabilistic selection process. 
The basic ABC algorithm applies the roulette wheel selection method to select a food 
source in the onlooker bees phase. The probability ( ip ) that an onlooker bee selects a 

found food source is based on the following proportional probability formulation.  
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After an onlooker bee has selected a food source jix ,  as current solution, it performs a 

local search to find a new solution jiv ,  according to Eq. (6), and selects the better food 

source with the more nectar as the new solution: this behavior is the same of that as an 
employed bee that is performing greedy selection. If the quality of a certain food source 
cannot be improved over a number of trials by employed or onlooker bees that is speci-
fied as “Limit”, then the bee becomes a scout bee. The scout bee abandons the current 
food source and randomly seeks a new one according to Eq. (4). 
 
3.2 Three Variants of ABC Algorithm 
 

As mentioned in the works of Zhu and Kwong [18], Gao et al. [19, 20] and Xu et al. 
[21], the search pattern of the basic ABC algorithm favors exploration but not exploita-
tion, resulting in poor convergence of the algorithm. Xu et al. [21] and Gao et al. [20] 
provided detailed surveys of the significantly improved versions of ABC algorithm. In 
2013, Xu et al. [21] proposed a new ABC (NABC) algorithm that adopted a modified 
ABC/best/1 strategy [15], inspired by the DE algorithm. In NABC algorithm, a “best 
solution pool” is constructed by picking a small number of superior solutions from the 
current swarm. The current solution ji x ,  is then replaced by selecting at random a solu-

tion pool
jbestx ,  from the “best solution pool”. Therefore, bees with superior fitness values 

guide others in promising search directions. Therefore, the search equation for employed 
and onlooker bees phases in NABC algorithm is modified as 
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where pool
jbestx ,  represents the best solution in the j-th dimension and is chosen randomly 

from the “best solution pool”; jr x ,1  and jr x ,2  are two randomly selected neighboring 

solutions around the current solution ji x , , where the indices i, r1 and r2 are all different 

(  1r2). The number of solutions in the “best solution pool” is specified as 0.1SN in 
NABC algorithm. Another well-known modification to the search equation for basic 
ABC algorithm is that of the best-guided ABC (GABC) algorithm [18], which was in-
spired by PSO [5]. That algorithm includes a gbest term to provide information on the 
global best solution so far achieved for use in the searching process. Their proposed 
search equation is very similar to the equation of a particle’s motion that is generally 
used in PSO, and is formulated as follows. 
 

)()( ,,,,,,, jkjjijkjijijiji xgbestxxx v       (9) 

 
where ji,  is a random number in the interval [0, C] and C is a predetermined parame-

ter; jk x ,  is a randomly selected neighboring solutions close to the current solution 

ji x ,  ( k). The GABC algorithm demonstrated that the best value of C is equal to 1.5, 

based on test evaluations using six test functions [18]. The search equations for GABC 
effectively improve the rate of convergence over that of the basic ABC. However, Gao et 
al. [20] pointed out that the GABC algorithm may yield an oscillation between solutions 
when the last two search terms, )( ,,, jkjiji xx   and )( ,, jkjji xgbest   in Eq. (9) are 

in opposite directions, causing inefficiency of the search process and slow convergence. 
Therefore, Gao et al. proposed an alternative search equation, and their variant of ABC 
algorithm was called CABC algorithm because their proposed search equation is similar 
to the crossover operator of the real-valued Genetic Algorithm (GA). They claimed that 
their search equation is designed to reach a balance between exploration and exploitation. 
The search equation in CABC algorithm is 
 

)( ,2,1,,1, jrjrjijrji xxx v       (10) 

 
The expression of the second term )( ,2,1, jrjrji xx   is identical to that in NABC (Eq. 

(8)), and i, r1, and r2 represent the indices of three different food sources (  1r2). A 
comparison of results by Gao et al. [20] revealed that CABC significantly outperforms 
GABC based on 22 well-known benchmark functions. 
 

4. PROPOSED RANK-BASED ABC ALGORITHM    

The search equation (Eq. (6)) in the basic ABC algorithm [7, 8] is more “reasonable” 
than those used in NABC and CABC algorithms, as can be understood with reference to 
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the concept of an equation of motion in physics. An employed bee or an onlooker bee 

that is moving from a current food source ( ix ) to a new food source ( iv ) should base on 

the form ), of  termdelta( xxv ii   rather than ) of  termdelta( xxv pool
besti   or 

) of  term(delta xxv ri  . Here, the term pool
best x   represents the solution that is chosen 

from the “best solution pool”; r x  is a neighboring solution of the current solution i x , 

where the indices i and r are different (  ).  Clearly, the original search pattern in the 
basic ABC is “physically reasonable” and is consistent with the movements of real bees. 
Accordingly, this work proposes a rank-based ABC algorithm that is obtained by modi-
fying the ABC algorithm to balance exploration and exploitation, without modifying the 
search equation that is used in the basic ABC algorithm.  

The first modification is the use of a rank-based selection mechanism with a non-
linear selective pressure function to ensure that the best and a small portion of good food 
sources can be selected repeatedly by onlooker bees resulting in effective exploitation. 
The selection mechanism is based on a ranking of fitness only. The selection mechanism 
that is used in other ABCs is roulette wheel selection mechanism which is based on a 
proportional probability. The drawback of the proportional probability is that the proba-
bilities are often undifferentiated when the fitness values for some food sources are very 
close, so the model usually results in inefficient selection. The proposed modification 
creates a similar “best solution pool”, which was introduced in NABC, so that the local 
search around the superior solutions is performed many times. Therefore, the presented 
rank-based selection mechanism improves the exploitation of the algorithm. In the pre-
sented rank-based ABC with nonlinear selective pressure function, the probability (pi) is 
formulated only in terms of fitness rank of food sources. A fitness rank equaling to one 
means that the fitness at the food source is maximum, whereas a rank equaling to SN 
indicates that the fitness at the food source is minimum. Here the value of SN is identical 
to the number of food source. The nonlinear rank-based selective pressure model is for-
mulated as [30] 
 

1)1(
)1(1
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 rank
SNi qq
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p     (11) 

 

Here, Eq. (11) satisfies the constraint: 



SN

i
ip

1

1 . The parameter q is a positive real 

number in the range 10  q ; a larger q implies a stronger selective pressure in deter-

mining the value of probability. In the presented rank-based ABC algorithm, the q is a 
dynamic function of the number of the iteration (iter) and the maximum number of itera-
tion (itermax) as follows. 
 

)1/()1()( maxminmaxmin  iteriterqqqq     (12) 

 
where qmax and qmin  represent the minimum and maximum values of selective pressure, 
respectively. In this work, they were set to 0.5 and 0.9, respectively. Table 1 lists the 
probabilities associated with various values of parameter q and the ranking of solution. 
When the iterative process starts, several onlooker bees select the food source with the 
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highest fitness since its probability equals 0.5. Onlooker bees also select several food 
sources with superior fitness. Therefore, the “best solution pool”, which includes a small 
number of superior food sources ( 01.0ip ), can be created to maintain the diversity of 

solutions. As the number of iteration increases, the number of solutions within the “best 
solution pool” decreases. At the end of the iterative process, the probability associated 
with the best food source reaches 0.9 so the “best solution pool” consists of only two 
food sources with rank=1 and 2. Accordingly, the best food source has a very high prob-
ability of being selected by most of the onlooker bees resulting in the strongest possible 
exploitation. Figure 1 displays the results of a study of parameter q that involves evalua-
tions of the Michalewicz function, as follows. 
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where  21,0 xx . The optimal value of the function depends on the number of di-

mensions (D), and is approximately as -D. From the results for D=50 with SN=20 in Fig. 
1, larger values of q in the presented rank-based ABC algorithm yield better convergence 
and a better optimal solution. Setting q=0.5-0.9 favors the diversity of the solutions in the 
“best solution pool” in early iterations of the ABC algorithm and ensures that the best 
solutions are repeatedly reproduced in later iterations. The obtained solutions using 
q=0.5-0.9 are marked with black lines and solid circle symbols in Fig. 1.  
 
Table 1. The values of probability for different values of q and ranking of solution. 

rank q=0.5 q=0.6 q=0.7 q=0.8 q=0.9 
1 0.5 0.6 0.7 0.8 0.9 
2 0.25 0.24 0.21 0.16 0.09 
3 0.125 0.096 0.063 0.032  
4 0.0625 0.0384 0.0189   
5 0.03125 0.01536    
6 0.015625     

 

 
Fig. 1. Comparison of the best mean solutions using different q values. 
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The second modification of the present ABC algorithm is the use of a modified 
abandonment mechanism in the scout bees phase to enhance its exploration capability. 
Since the ABC algorithm applies a greedy selection mechanism, it requires an effective 
way to prevent premature convergence to local optima. One characteristic of the ABC 
that counteracts premature convergence is the use of a local search scheme in both em-
ployed and onlooker bees phases, as it selects a new solution at random around the cur-
rent solution without taking into account its fitness or position in the search space. Prem-
ature convergence is also counteracted by the fact that solutions that are not improve over 
a number of trials that is called the abandonment parameter Limit, will be abandoned for 
new solutions that are obtained using a global search, according to Eq. (4). In the pro-
posed RABC algorithm, the abandonment process is modified to abandon 5% of food 
sources with inferior objective function values in each iteration. Accordingly, 5% of em-
ployed bees become scouts and search for new food sources randomly over the entire 
search space. Herein, the number of scouts is set to 5% of the number of employed bees 
because the mean number of scouts is approximately 5%-10% of the population of the 
colony, according to observations of real bees. The modification is straightforward but it 
can enhance the exploration of the basic ABC algorithm in which an abandonment crite-
rion “Limit” is used in published ABC algorithms.  

5. DEMONSTRATION OF THE RANK-BASED ABC ALGORITHM FOR 
SOLVING CONSTRAINED OPTIMIZATION PROBLEM 

This section presents a numerical simulation of the movements to the constrained 
optimization problem using the proposed ABC algorithm. The constrained problem in-
volves sinusoidal functions subject to two constraints as follows [31]:  
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where 100 1  x  and 100 2  x . This objective function has many local optima and 

the optimal solution is 095825.0)( * xf


 located at (1.2279713, 4.2453733), which lies 

within a small regions of feasibility that is caused due to the two constrained functions. 
The presented rank-based ABC algorithm was used to solve this constrained problem, 
and SN was set to 20 in simulation. The initial solutions were uniformly generated over 
the solution space, so some solutions were in the region of feasibility and the others were 
in the region of infeasibility. Figures 2(a)-(f) display the movements of the solutions over 
six sequences during the iterative process. Figures 2(a)-(e) clearly reveal that most of 
employed bees moved rapidly toward to the optimal location. Finally, most of the em-
ployed bees had moved to the optimal solution except the scout bee (5%SN), which 
performed a global random search in each iteration, after 100 iterations as shown in Fig. 
2(f)). 
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(a) iter=1                  (b) iter=5                  (c) iter=10 
 
 
 
 
 
 
 
 
 
 
(d) iter=20                 (e) iter=50                 (f) iter=100 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The movements of solutions obtained using the proposed rank-based ABC algo-

rithm for the demonstrative optimization problem. 

6. RESULTS AND DISCUSSION 

6.1 Unconstrained Optimization Problems 
 

In this work, nine unconstrained benchmark functions are used as test cases to evaluate 
the ABC algorithms. The nine benchmark functions are Sphere, Rosenbrock, Griewank, 
Rastrigin, Ackley, Himmelblau, Schwefel 2.26, the function of Ho et al., and the Micha-
lewicz functions, as listed in Table 2 [20, 32]. The optimal solutions for )(1 xf


- )(5 xf


 

are all zero, whereas those for )(6 xf


- )(9 xf


 are all non-zero. Function )(8 xf


 is a 

maximization function, while the others are all minimization functions. SN was set to 10 
and 20 herein, and the numbers of dimensions of the nine scalable benchmark functions 
were set to 30, 60, and 100. The maximum number of iterations (itermax) was 5000 in all 
experiments. In this work, the five ABC algorithms were fairly compared, with the same 
values of SN and itermax. Table 3 compares the best mean solutions (Mean) and standard 
deviations (SD) that were obtained using the presented rank-based ABC, basic ABC, 
CABC, NABC and GABC algorithms for the nine functions at D=30, 60 and 100, with 
only a few food sources, SN=10. The values in bold font in Table 3 are the best solutions. 
In the case of D=30, the solutions for functions )(2 xf


- )(4 xf


that were obtained using 

the proposed RABC are significant better than those obtained using the basic ABC and 
the other variants. In particular, the proposed RABC yielded better mean solution and 
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standard deviation for functions )(2 xf


- )(4 xf


 than did the other ABCs. The table 

clearly indicates that the presented rank-based ABC algorithm could achieve optimal 
solutions effectively. The proposed algorithm does not require a larger colony size to 
solve the high dimensional optimization problems. The performance of CABC algorithm 
was relatively poor in the evaluation of all functions when the bee colony was small. The 
presented rank-based ABC outperforms the other four ABC algorithms in terms of both 
the best mean solutions and their standard deviations, based on evaluations of the func-
tions )(2 xf


- )(4 xf


 and )(6 xf


- )(9 xf


. When the number of food sources is increased 

to 20, the proposed ABC outperforms the other ABC algorithms as in Table 4. The solu-
tions that were evaluated by CABC algorithm were better than those obtained using the 
basic ABC, NABC and GABC algorithms for large-scale problems. Experimental results 
reveal that the proposed ABC significantly outperforms the other four ABC algorithms 
for most test functions with SN=10 and SN=20.  
 

Table 2. Nine benchmark unconstrained functions as the test cases. 
Problem Function Range Optimum 
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Table 3. The comparison of solutions for the nine unconstrained functions at (a) 30, 
(b) 60 and (c) 100 dimensions with SN=10. 

(a) Dimension: 30 
Function Sol. Rank-based 

ABC 
Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.6163E-15  
0.1140E-15 

0.5908E-15  
0.1439E-15 

0.6737E-04  
0.4676E-03 

0.4124E-15  
0.1776E-15 

0.4464E-15  
0.8583E-16 

)(2 xf


 Mean 
SD 

0.2305E-03 
0.3592E-03 

0.1421E+01  
0.2656E+01 

0.1359E+02  
0.2206E+02 

0.1487E+02  
0.2297E+02 

0.8214E+01  
0.1027E+02 

)(3 xf


 Mean 
SD 

0.4662E-16  
0.5479E-16 

0.6911E-03  
0.2369E-02 

0.2995E-02  
0.1128E-01 

0.9620E-03  
0.2625E-02 

0.4557E-09  
0.3065E-08 

)(4 xf


 Mean 
SD 

0 
0 

0 
0 

0.6794E+00  
0.1726E+01 

0.9011E+00  
0.1425E+01 

0.2387E+00  
0.6765E+00 

)(5 xf


 Mean 
SD 

0.3756E-13  
0.4861E-14 

0.4346E-13  
0.6029E-14 

0.3411E+00  
0.6405E+00 

0.2740E-13  
0.6875E-14 

0.3110E-13  
0.3815E-14 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.7246E-14 

-0.7833E+02  
0.1024E-13 

-0.7812E+02  
0.1054E+01 

-0.7833E+02  
0.1100E-13 

-0.7833E+02  
0.8760E-14 

)(7 xf


 Mean 
SD 

-0.1256E+05  
0.5086E-11 

-0.1256E+05  
0.1677E+02 

-0.1252E+05  
0.2759E+03 

-0.1241E+05  
0.3889E+03 

-0.1247E+05  
0.4248E+03 

)(8 xf


 Mean 
SD 

0.3647E+02  
0.2579E-13 

0.3647E+02  
0.3037E-13 

0.3647E+02  
0.3648E-05 

0.3647E+02  
0.3207E-13 

0.3647E+02  
0.3108E-13 

)(9 xf


 Mean 
SD 

-0.2962E+02  
0.8658E-02 

-0.2955E+02  
0.3763E-01 

-0.2928E+02  
0.3144E+00 

-0.2944E+02  
0.1268E+00 

-0.2958E+02  
0.4324E-01 

 
(b) Dimension: 60 

Function Sol. Rank-based 
ABC 

Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.1597E-14  
0.2132E-15 

0.2490E-14  
0.1269E-14 

0.9578E-04  
0.6275E-03 

0.8669E-15  
0.2455E-15 

0.1198E-14  
0.1805E-15 

)(2 xf


 Mean 
SD 

0.6647E-03  
0.1714E-02 

0.4727E+01  
0.1033E+02 

0.4191E+02  
0.4531E+02 

0.4093E+02  
0.4766E+02 

0.4196E+02  
0.3447E+02 

)(3 xf


 Mean 
SD 

0.5264E-13  
0.2919E-12 

0.1216E-02  
0.4312E-02 

0.1112E-02  
0.5151E-02 

0.1872E-02  
0.4225E-02 

0.5355E-03  
0.2136E-02 

)(4 xf


 Mean 
SD 

0 
0 

0.3980E-01  
0.1949E+00 

0.1971E+01  
0.3475E+01 

0.1102E+01  
0.2044E+01 

0.1674E-03  
0.1169E-02 

)(5 xf


 Mean 
SD 

0.9843E-12  
0.1075E-11 

0.2957E-12  
0.2748E-12 

0.8698E+00  
0.1087E+01 

0.1266E-06  
0.8844E-06 

0.1005E-12  
0.1087E-13 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.6358E-13 

-0.7833E+02  
0.1456E-06 

-0.7833E+02  
0.5700E-04 

-0.7832E+02  
0.8438E-01 

-0.7830E+02  
0.1979E+00 

)(7 xf


 Mean 
SD 

-0.2513E+05  
0.4395E-11 

-0.2499E+05  
0.3588E+03 

-0.2499E+05  
0.4049E+03 

-0.2490E+05  
0.5888E+03 

-0.2432E+05  
0.1416E+04 

)(8 xf


 Mean 
SD 

0.7295E+02  
0.4930E-13 

0.7295E+02  
0.4475E-13 

0.7295E+02  
0.7177E-05 

0.7295E+02  
0.7386E-13 

0.7295E+02  
0.5666E-13 

)(9 xf


 Mean 
SD 

-0.5952E+02  
0.3547E-01 

-0.5884E+02  
0.2454E+00 

-0.5831E+02  
0.5964E+00 

-0.5894E+02  
0.3322E+00 

-0.5912E+02  
0.1579E+00 

 
(c) Dimension: 100 

Function Sol. Rank-based 
ABC 

Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.1108E-13  
0.2179E-13 

0.5985E-11  
0.1202E-10 

0.1626E-02  
0.1038E-01 

0.8136E-11  
0.5578E-10 

0.3676E-14  
0.1273E-14 

)(2 xf


 Mean 
SD 

0.3583E+00  
0.1940E+01 

0.9840E+02  
0.9535E+02 

0.3670E+02  
0.4725E+02 

0.7543E+02  
0.7232E+02 

0.7343E+02  
0.7736E+02 

)(3 xf


 Mean 
SD 

0.6300E-10  
0.4305E-09 

0.1939E-02  
0.5967E-02 

0.2939E-02  
0.1630E-01 

0.4930E-02  
0.1695E-01 

0.9922E-03  
0.3006E-02 

)(4 xf


 Mean 
SD 

0.1424E-13  
0.3929E-13 

0.9904E+00  
0.1273E+01 

0.8572E+01  
0.9767E+01 

0.6609E+01  
0.8458E+01 

0.1204E+01  
0.1708E+01 
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)(5 xf


 Mean 
SD 

0.8992E-08  
0.9365E-08 

0.8443E-06  
0.1497E-05 

0.8386E+00  
0.9116E+00 

0.8006E-01  
0.3439E+00 

0.3870E-12  
0.2405E-12 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.5609E-13 

-0.7832E+02  
0.3538E-01 

-0.7832E+02  
0.2517E-01 

-0.7810E+02  
0.1572E+01 

-0.7833E+02  
0.1115E-07 

)(7 xf


 Mean 
SD 

-0.4189E+05  
0.2259E-10 

-0.4143E+05  
0.6819E+03 

-0.4104E+05  
0.1647E+04 

-0.4113E+05  
0.1855E+04 

-0.3965E+05  
0.3255E+04 

)(8 xf


 Mean 
SD 

0.1215E+03  
0.7676E-13 

0.1215E+03  
0.3088E-12 

0.12158E+03  
0.1645E-03 

0.1215E+03  
0.5230E-04 

0.1208E+03  
0.5141E+01 

)(9 xf


 Mean 
SD 

-0.9920E+02  
0.1270E+00 

-0.9626E+02  
0.5501E+00 

-0.9720E+02  
0.8846E+00 

-0.9845E+02  
0.4397E+00 

-0.9726E+02  
0.5105E+00 

 
Table 4. The comparison of solutions for the nine unconstrained functions at (a) 30, 

(b) 60 and (c) 100 dimensions with SN=20. 
(a) Dimension: 30 

Function Sol. Rank-based 
ABC 

Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.5514E-15  
0.8960E-16 

0.5316E-15  
0.6921E-16

0.3373E-15  
0.1054E-15 

0.3622E-15  
0.1446E-15 

0.4106E-15  
0.9187E-16 

)(2 xf


 Mean 
SD 

0.4074E-03  
0.7455E-03 

0.5137E+00  
0.1420E+01 

0.1354E+01  
0.2230E+01 

0.8714E+01  
0.1393E+02 

0.4502E+01  
0.7967E+01 

)(3 xf


 Mean 
SD 

0.4440E-16  
0.5438E-16 

0.1754E-14  
0.1044E-13 

0.3108E-16  
0.4984E-16 

0.2463E-03  
0.1724E-02 

0.2664E-16  
0.4741E-16 

)(4 xf


 Mean 
SD 

0 
0 

0 
0 

0.4178E+00  
0.7982E+00 

0.2785E+00  
0.5279E+00 

0 
0 

)(5 xf


 Mean 
SD 

0.3358E-13  
0.4598E-14 

0.3891E-13  
0.5578E-14 

0.2506E-13  
0.3711E-14 

0.2285E-13  
0.4143E-14 

0.2896E-13  
0.3290E-14 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.1205E-13 

-0.7833E+02  
0.6355E-14 

-0.7833E+02  
0.7519E-14 

-0.7833E+02  
0.5317E-14 

-0.7833E+02  
0.5684E-14 

)(7 xf


 Mean 
SD 

-0.1256E+05  
0.5469E-11 

-0.1256E+05  
0.6280E-11 

-0.1256E+05  
0.6608E-11 

-0.1256E+05  
0.2062E-02 

-0.1256E+05  
0.6643E-11 

)(8 xf


 Mean 
SD 

0.3647E+02  
0.2797E-13 

0.3647E+02  
0.3102E-13 

0.3647E+02  
0.3501E-13 

0.3647E+02  
0.3425E-13 

0.3647E+02  
0.3395E-13 

)(9 xf


 Mean 
SD 

-0.2962E+02  
0.1690E-02 

-0.2958E+02  
0.1900E-01 

-0.2957E+02  
0.3273E-01 

-0.2960E+02  
0.2490E-01 

-0.2961E+02  
0.1222E-01 

 
(b) Dimension: 60 

Function Sol. Rank-based 
ABC 

Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.1605E-14  
0.2102E-15 

0.1773E-14  
0.2766E-15 

0.8027E-15  
0.2416E-15 

0.8179E-15  
0.2861E-15 

0.1175E-14  
0.1627E-15 

)(2 xf


 Mean 
SD 

0.6897E-03  
0.1629E-02 

0.7033E+00  
0.1141E+01 

0.1242E+02  
0.2325E+02 

0.3247E+02  
0.32410E+02 

0.2915E+02  
0.3202E+02 

)(3 xf


 Mean 
SD 

0.7727E-15  
0.2161E-14 

0.2896E-12  
0.7148E-12 

0.4232E-13  
0.2949E-12 

0.2958E-03  
0.1449E-02 

0.3944E-03  
0.1993E-02 

)(4 xf


 Mean 
SD 

0 
0 

0.1030E-14  
0.5161E-14 

0.7959E-01  
0.3353E+00 

0.3183E+00  
0.7018E+00 

0 
0 

)(5 xf


 Mean 
SD 

0.4327E-12  
0.219E-12 

0.1540E-12  
0.3433E-13 

0.6314E-13  
0.5094E-14

0.6094E-13  
0.5747E-14 

0.8773E-13  
0.6473E-14 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.3823E-13 

-0.7833E+02  
0.6210E-13 

-0.7833E+02  
0.1752E-13 

-0.7833E+02  
0.1774E-13 

-0.7833E+02  
0.2827E-13 

)(7 xf


 Mean 
SD 

-0.2513E+05  
0.4425E-11 

-0.2512E+05  
0.3210E+02 

-0.2513E+05  
0.4365E-11 

-0.2509E+05  
0.2501E+03 

-0.2509E+05  
0.1895E+03 

)(8 xf


 Mean 
SD 

0.7295E+02  
0.4421E-13 

0.7295E+02  
0.5298E-13 

0.7295E+02  
0.6764E-13 

0.7295E+02  
0.7345E-13 

0.7295E+02  
0.6168E-13 

)(9 xf


 Mean 
SD 

-0.5960E+02  
0.1181E-01 

-0.5904E+02  
0.1100E+00 

-0.5932E+02  
0.1136E+00 

-0.5954E+02  
0.4299E-01 

-0.592E+02  
0.8266E-01 
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(c) Dimension: 100 
Function Sol. Rank-based 

ABC 
Basic ABC CABC NABC GABC 

)(1 xf


 Mean 
SD 

0.3667E-14  
0.5183E-15 

0.3241E-12  
0.3691E-12 

0.1812E-14  
0.4405E-15 

0.1871E-14  
0.2815E-15

0.3263E-14  
0.4314E-15 

)(2 xf


 Mean 
SD 

0.4864E-02  
0.1443E-01 

0.5993E+01  
0.1337E+02 

0.1698E+02  
0.3391E+02 

0.6471E+02  
0.6048E+02 

0.5054E+02  
0.5308E+02 

)(3 xf


 Mean 
SD 

0.7218E-13  
0.2812E-12 

0.2617E-09  
0.1327E-08 

0.4390E-10  
0.2723E-09 

0.7343E-07  
0.5139E-06 

0.1971E-03  
0.1380E-02 

)(4 xf


 Mean 
SD 

0.1989E-14  
0.5119E-14 

0.2181E-01  
0.1396E+00 

0.3725E-01  
0.1659E+00 

0.4633E-01  
0.1989E+00 

0.7440E-03  
0.517E-02 

)(5 xf


 Mean 
SD 

0.3059E-08  
0.2333E-08 

0.1531E-06  
0.2391E-06 

0.1503E-12  
0.4077E-13 

0.1460E-12  
0.1379E-13 

0.1910E-12  
0.1685E-13 

)(6 xf


 Mean 
SD 

-0.7833E+02  
0.4525E-13 

-0.7833E+02  
0.2739E-12 

-0.7833E+02  
0.2939E-13 

-0.7833E+02  
0.4947E-13 

-0.7833E+02  
0.5717E-08 

)(7 xf


 Mean 
SD 

-0.4189E+05  
0.1740E-10 

-0.4179E+05  
0.3206E+03 

-0.4184E+05  
0.3113E+03 

-0.4188E+05  
0.6631E+02 

-0.4150E+05  
0.1200E+04 

)(8 xf


 Mean 
SD 

0.1215E+03  
0.8464E-13 

0.1215E+03  
0.2114E-12 

0.1215E+03  
0.1161E-12 

0.1215E+03  
0.1123E-12 

0.1215E+03  
0.7599E-13 

)(9 xf


 Mean 
SD 

-0.9949E+02  
0.3452E-01 

-0.9664E+02  
0.4117E+00 

-0.9892E+02  
0.1954E+00 

-0.9938E+02  
0.7317E-01 

-0.9749E+02  
0.3239E+00 

 
 
Figures 3 and 4 plot the convergence histories of solutions that were evaluated using 

the five ABC algorithms for large-scale problems with D=100, SN=10 and SN=20.  
Clearly, the presented rank-based ABC algorithm had the best convergence rate. The 
presented ABC algorithm converged to a near optimum very rapidly. Figures 3 and 4 
also revealed that the convergence speeds of the three published modified ABCs did not 
different significantly from that of the basic ABC algorithm. The convergence histories 
of solutions were plotted using a logarithmic y-axis to reveal the variations among the 
convergence speed and optimal solutions obtained using the five ABC algorithms. In the 
plots, the number of dimensions of the function and the number of food sources were 100 
and 20, respectively. Only five functions )(1 xf


- )(5 xf


, which have minima of zero, are 

shown.  Figures 5(a)-(e) clearly reveal that the presented rank-based ABC algorithm 
outperforms other ABCs in evaluating functions )(2 xf


- )(4 xf


 in terms of both conver-

gence speed and optimal solutions, while NABC and CABC algorithms performed well 
in evaluating functions )(1 xf


 and )(5 xf


. The convergence histories of NABC and 

CABC were similar since their search equations, Eqs. (8) and (10), are similar. GABC 
algorithm obviously converged prematurely in evaluations of functions )(2 xf


 and

)(3 xf


. From the computational results, the proposed rank-based ABC algorithm effec-

tively found the global optima, and is a promising algorithm for solving unconstrained 
optimization problems. 
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(a)                      (b)                      (c) 
 
 
 

 
 
 
 
 
 

 
(d)                      (e)                      (f) 

 
 
 
 
 
 
 
 
 
 

(g)                      (h)                      (i) 
 
 
 
 
 
 
 
 
 
 
Fig. 3. The comparison of solutions evaluated by the five ABC algorithms for the nine 

unconstrained functions at 100 dimensions with SN=10. 
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(a)                      (b)                      (c)         
 
 

 
 
 
 
 
 
 

 
(d)                      (e)                      (f) 

 
 
 
 
 
 
 
 
 
 

(g)                      (h)                      (i) 
 
 
 
 
 
 
 
 
 
 

Fig. 4. The comparison of solutions evaluated by the five ABC algorithms for the nine 
unconstrained functions at 100 dimensions with SN=20. 

 
(a)                      (b)                      (c)         
 
 
 
 
 
 
 
 
 

 
Fig. 5. The comparison of solutions plotted using logarithmic scale on the y-axis. 
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(d)                      (e)  
 
 
 
 
 
 
 
 
 
 

Fig. 5. continued. 
 

Table 5 compares the CPU times of computation that are required to find solutions us-
ing the five ABC algorithms with SN=20. The term max, shown in Table 5, represents 
the difference between the highest and lowest CPU times in the experiments that were 
performed on a computer with an Intel Pentium(R) Dual Core CPU E6700 (3.20GHz), 
4GB RAM, and Windows 7 (SP1) operation system. The table reveals that the proposed 
ABC algorithm took just a few seconds (<5 seconds) more than the other four published 
ABC algorithms when D=100. The additional CPU time of the proposed RABC algo-
rithm is used to generate the “best pool solution” with a process to sort by fitness in each 
iteration. The additional CPU time is small relative to compare the total CPU time.  

 
Table 5. The comparisons of CPU time for the nine unconstrained functions at 100 

dimensions with SN=20. 
Function Rank-based ABC Basic ABC CABC NABC GABC max 

)(1 xf


 23.469 21.311 21.532 21.541 21.910 2.158 

)(2 xf


 26.406 24.212 24.453 24.324 24.671 2.194 

)(3 xf


 66.813 63.452 63.292 63.344 63.878 3.521 

)(4 xf


 56.982 54.021 54.250 54.114 54.514 2.961 

)(5 xf


 57.008 54.461 54.466 54.345 54.857 2.663 

)(6 xf


 24.852 22.699 22.931 22.952 23.348 2.153 

)(7 xf


 65.484 62.169 62.544 63.549 62.841 3.315 

)(8 xf


 94.155 89.829 89.738 89.954 90.404 4.417 

)(9 xf


 113.01 108.448 108.353 108.752 109.062 4.657 

 
6.2 Constrained Engineering Design Problems 

Five widely used engineering design problems, which involve the designs of a 
welded beam, a pressure vessel, a tension/compression spring, a speed reducer and a gear 
train, were solved using the proposed rank-based ABC, basic ABC, CABC, NABC, and 
GABC algorithms. SN was set to 20, and the maximum number of function evaluations 
was 100,000 for each problem. The control parameter q in the presented rank-based ABC 
was set to vary linearly from 0.5 at the beginning to 0.9 at the end of a run. Moreover, the 
abandonment parameter “Limit” was 100 in the basic ABC, CABC, NABC, and GABC 
algorithms.  
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6.2.1 Welded beam design (Engineering Problems 1 and 1*) 
 
The welded beam design aims to minimize the cost of the beam, which has four 

geometric variables. This design involves five constraints on the shear stress, bending 
moment, bulking load, end deflection, and side constraints [33]. The literature includes 
two kinds of formulations for the objective function and constraints in the welded beam 
design. The first, the welded beam design with objective function )(1 xfeng


 and five 

constraints was taken from the work of Deb [25]. The first row in Table 6 presents the 
computed results, including the best value, best mean value and standard deviation that 
were obtained using the proposed rank-based ABC and basic ABC, CABC, NABC and 
GABC algorithms. The best values of the objective function that were obtained using the 
proposed rank-based ABC and basic ABC were both 2.3809566, which equals the best 
known value 2.380957, that was presented by He et al. [34], and better than the values of 
2.385435 and 2.433116 that were obtained by Ray and Liew [35] and Deb [33], respec-
tively.  

Another welded bean design problem with an objective function subject to seven 
constraints, which is the second welded beam design problem that is considered in this 
work, was presented by Sandgen [36]. Parsopoulos and Vrahatis [37], Mezura-Montes 
and Coello Coello [30], and Akay and Karaboga [24]. The second row of Table 6 com-
pares the best value, best mean value and standard deviation that were obtained using the 
five ABC algorithms. The best values of the objective function that were obtained using 
the rank-based ABC and basic ABC were both equal 1.7248523. Clearly, the obtained 
best value was almost equal to the values of 1.724852 and 1.724 that were presented by 
Mezura-Montes and Coello Coello [30] and Tuba et al. [38], respectively, and was better 
than that of 1.92199, obtained by Parsopoulos and Vrahatis [37].  
 
6.2.2 Engineering design of a pressure vessel (Engineering Problem 2) 

 
This design objective for a pressure vessel is to minimize the total cost of the re-

quired material, and of the forming and welding of the cylindrical vessel. The pressure 
vessel is capped at both ends by two hemispherical heads [36]. The design variables are 
the thickness of the shell, the thickness of the head, the inner radius of the cylinder, and 
the length of the cylinder [24, 37]. Of these variables, the thicknesses of the shell and the 
head are integers.  The third row in Table 6 compares the solutions obtained using the 
five ABC algorithms. The best solution that was obtained using the proposed rank-based 
ABC algorithm was 6059.7143. Clearly, the presented rank-based ABC outperforms the 
other four ABCs in terms of the best solution. The best value obtained equals the known 
values of 6059.714 and 6059.7143 that were presented by He et al. [34] and Tuba et al. 
[38], respectively, and was better than the results of 6544.27 and 6059.714736 that were 
obtained by Parsopoulos and Vrahatis [29] and Akay and Karaboga [24], respectively. 
The best solution was 6059.701610, obtained by Mezura-Montes and Coello Coello [30].  
 
6.2.3 Design of a tension/compression Spring (Engineering Problem 3) 

 
The design problem of a tension/compression spring involves the coils of the spring 

subjected to a tensile force [39]. The design variables are the wire diameter, the mean 
coil diameter, and the number of active coils. This problem is to minimize the weight of 
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the tension/compression spring under the constraints of minimizing deflection, shear 
stress, surge frequency, and outside diameter [24, 37]. The fourth row of Table 6 com-
pares the solutions that were obtained using the five ABC algorithms. The best solution 
that was obtained by the proposed rank-based ABC algorithm was 0.012667672, and 
NABC algorithm yielded the best solution of 0.12665297. The best solution that was 
evaluated using the rank-based ABC algorithm was very close to that, 0.012665 obtained 
by Akay and Karaboga [24], He et al. [34], and Tuba et al. [38], and was better than 
those obtained by Mezura-Montes and Coello Coello [30], Ray and Liew [35], and Par-
sopoulos and Vrahatis [37], which were 0.012689, 0.012669, and 0.01312, respectively.  
 
6.2.4 Design of a speed reducer (Engineering Problem 4) 

 
The objective function in the design of a speed reducer is to minimize the weight of 

the speed reducer subject to 11 constraints that are related to the bending stress of the 
gear teeth, surface stress, transverse deflections of the shafts and stresses in the shafts 
[24]. The design variables are face width, teeth module, number of teeth in the pinion, 
length of the first shaft between bearings, length of the second shaft between bearings, 
and the diameters of the first and second shafts. All variables are continuous real values 
except for the third variable (number of teeth in the pinion), which is an integer. Akay 
and Karaboga mathematically formulated the objective function and 11 constraints [24]. 
The fifth row of Table 6 compares the solutions using the five ABC algorithms. The best 
solution that was obtained using the proposed rank-based ABC was 2996.3482, while the 
best solution that was obtained using the GABC algorithm was 2996.1081. The best 
known solution that was obtained by Ray and Liew was 2994.744241 [35]. The optimum 
that was obtained using the rank-based ABC algorithm was better than those obtained by 
Akay and Karaboga [24] and Tuba et al. [38], which were 2997.0584 and 2996.783, re-
spectively.  
 
6.2.5 Design of a gear train (Engineering Problem 5) 

 
The next problem is to optimize the gear ratio of a compound gear train [36]. The 

gear ratio is defined as the ratio of the angular velocity of the output shaft to that of the 
input shaft. The compound gear train is constructed using two pairs of gear wheels to 
provide a desired overall gear ratio of approximately 1/6.931. The sixth row of Table 6 
compares the solutions that were obtained using the five ABC algorithms. All five ABC 
algorithms yielded the desired overall gear ratio of (1619)/(4349). The solution that 
was obtained using the proposed rank-based ABC algorithm had the best standard devia-
tion. The optimal gear ratio obtained using the algorithm was as good as those obtained 
by Akay and Karaboga [24] and Parsopoulos and Vrahatis [37]. Additionally, the pre-
sented rank-based ABC performed best in terms of the standard deviation in solving this 
design problem.  
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Table 6. The comparison of the optimal solutions evaluated using the five ABC algorithms 
for the engineering design problems. 
Problem Sol. Rank-based 

ABC 
Basic ABC CABC NABC GABC 

)(1 xfeng


 Best 0.2380E+01 0.2380E+01 0.2415E+01 0.2387E+01 0.2387E+01 
Mean
SD 

0.2381E+01  
0.4158E-03 

0.2381E+01  
0.1529E-02 

0.2747E+01  
0.2613E+00 

0.2431E+01  
0.4147E-01 

0.2430E+01  
0.3917E-01 

)(*1 xfeng


 Best 0.1724E+01 0.1724E+01 0.1799E+01 0.1730E+01 0.1730E+01 
Mean
SD 

0.1724E+01  
0.7976E-04 

0.1725E+01  
0.1631E-02 

0.1973E+01  
0.1094E+00 

0.1772E+01  
0.3173E-01 

0.1771E+01  
0.3328E-01 

)(2 xfeng


 Best 0.6059E+04 0.6070E+04 0.6105E+04 0.6061E+04 0.6060E+04 
Mean
SD 

0.6179E+04  
0.2181E+03 

0.6423E+04  
0.2318E+03 

0.6385E+04  
0.2212E+03 

0.6099E+04  
0.4851E+02 

0.6120E+04  
0.7432E+02 

)(3 xfeng


 Best 0.1266E-01 0.1270E-01 0.1266E-01 0.1266E-01 0.1266E-01 
Mean
SD 

0.1270E-01  
0.3560E-04 

0.1281E-01  
0.8238E-04 

0.1268E-01  
0.2373E-04 

0.1266E-01  
0.1552E-05 

0.1267E-01  
0.3934E-05 

)(4 xfeng


 Best 0.2996E+04 0.2996E+04 0.2996E+04 0.2996E+04 0.2996E+04 
Mean
SD 

0.2996E+04  
0.3463E-12 

0.2996E+04  
0.2803E-12 

0.2996E+04  
0.1157E-01 

0.2996E+04  
0.6431E-13

0.2996E+04  
0.3360E-01 

)(5 xfeng


 Best 0.2700E-11 0.2700E-11 0.2700E-11 0.2700E-11 0.2700E-11 
Mean
SD 

0.4331E-11  
0.5528E-11 

0.4738E-11  
0.6113E-11 

0.1525E-08  
0.1518E-08 

0.3578E-08  
0.6680E-08 

0.3463E-08  
0.8295E-08 

 
Table 7 compares the solutions obtained using a variety of heuristic algorithms for 

the engineering design problems. The symbol “NA” in the table indicates that a certain 
algorithm did not solve the specified design problem. These heuristic algorithms are 
(+)-ES [30], Society and Civilization (SC) optimization algorithm [35], PSO [34], 
Unified PSO (UPSO) [37], Basic ABC [24], Guided ABC [38], and the proposed 
rank-based ABC. According to Table 7, the optimal solutions obtained using the pro-
posed rank-based ABC algorithm agree closely with the known best optima.  
 
Table 7. The comparison of the optimal solutions evaluated by a variety of EC algorithms 
for the engineering design problems. 

Problem Sol. (+)-ES  SC PSO  UPSO GABC  Basic ABC  Rank-based 
ABC 

)(1 xfeng


 

Best NA 2.385435 2.380957 NA NA NA 2.3809566 
Mean 
SD 

NA 
NA 

3.255137 
9.6E-01 

2.381932 
5.2E-03 

NA 
NA 

NA 
NA 

NA 
NA 

2.3810263  
4.1584E-04

)(*1 xfeng


 

Best 1.724852 NA NA 1.92199 1.724 1.724852 1.7248523 
Mean 
SD 

1.777692 
8.8E-02 

NA 
NA 

NA 
NA 

2.83721 
0.682980 

1.763 
0.033 

1.741913 
3.1E-02 

1.7248729E  
7.9768E-05 

)(2 xfeng


 

Best 6059.70161 NA 6059.7143 6544.27 6059.714 6059.714736 6059.7143 
Mean 
SD 

6379.93803 
2.1E+02 

NA 
NA 

6289.92881
3.1E+02 

9032.55 
995.573 

6218.515
1.9E+02 

6245.308144 
2.05E+02 

6179.7402  
2.1810E+02 

)(3 xfeng


 

Best 0.012689 0.012669 0.012665 0.0131200 0.0126 0.012665 0.012667672 
Mean 
SD 

0.013165 
3.9E-04 

0.012923 
5.9E-04 

0.012702 
4.1E-05 

0.0229478 
0.00720571 

0.0127 
2.8E-04 

0.012709 
0.012813 

0.012704745  
3.5605E-05

)(4 xfeng


 

Best 2996.34809 2994.74424 NA NA 2996.783 2997.058412 2996.3482 
Mean 
SD 

2996.34809 
0

3001.75826
4.0E+0 

NA 
NA 

NA 
NA 

2996.783
0.000 

2997.058412 
0 

2996.3482  
3.4632E-13 

)(5 xfeng


 

Best NA NA NA 2.70085E-12 NA 2.70085E-12 2.70085E-12 
Mean 
SD 

NA 
NA 

NA 
NA 

NA 
NA 

3.80562E-08 
1.09631E-07 

NA 
NA 

3.641339E-10 
5.525811E-10 

4.33104E-12  
5.52822E-12 

Remarks: (+)-ES [30]; SC [34]; PSO [34]; UPSO [37]; GABC [38]; Basic ABC [24] 
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7. CONCLUSIONS 

This work proposed the rank-based ABC algorithm, which includes a rank-based 
selection mechanism with a nonlinear selective pressure function that is applied in the 
onlooker bees phase and the modified abandonment mechanism for use in the scout bees 
phase, to solve unconstrained and constrained optimization problems. In the onlooker 
bees phase, the probability that an onlooker bee selects a food source was based on a 
fitness ranking rather than an actual value of fitness. The rank-based selection mecha-
nism improved the exploitation capability of the ABC algorithm. Moreover, a modified 
abandonment mechanism was applied to abandon 5% of food sources in the scout bees 
phase to enable a global search that strengthens the exploration capability of the ABC 
algorithm. Accordingly, two modifications were made herein to the basic ABC to ensure 
a well-balanced exploitation and exploration without changing the original search equa-
tion. Constraint handling rules and a dynamic penalty function with continuous assign-
ment function were used to penalize constraint violations and guide infeasible solutions 
toward region of feasibility. Based on the demonstrations in Section 5, the applied con-
strained handling approaches were very suitable for the presented rank-based ABC algo-
rithm for solving constrained optimization problems. In this work, nine unconstrained 
scalable benchmark functions with 30, 60, and 100 dimensions were used to assess the 
performance of five ABC algorithms – the proposed rank-based ABC, basic ABC, 
CABC, NABC, and GABC algorithms. Comparisons of the solutions revealed that the 
presented rank-based ABC algorithm had an excellent convergence speed, as evidenced 
by the plots of convergence history, and performed well in terms of the best solution, the 
best mean solution and the standard deviation of the values of the functions )(2 xf


-

)(4 xf


 and )(7 xf


- )(9 xf


. Moreover, the rank-based ABC algorithm was applied to 

solve five engineering optimization design problems with continuous real, integer and 
mixed continuous-integer design variables. The optimal design variables, constraints and 
objective function that was obtained using the proposed ABC algorithm were comparable 
with those evaluated using the basic ABC, CABC, NABC and GABC algorithms and 
several published heuristic algorithms, such as GA, SC, (+)-ES, PSOs and ABC algo-
rithms. The comparison of computational results revealed that the proposed rank-based 
ABC algorithm yielded excellent results when applied to the constrained engineering 
design problems. 
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