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In recommendation model, there are two critical factors that determine its performance:
how to accurately extract the latent factors of users and items, and how to model their in-
teractions. Most existing approaches represent users and items as low dimensional vectors
(embeddings) and model interactions through the inner product. They ignore the paired
correlation and fail to model the comprehensive correlations among latent features, making
the model unable to accomplish high performance. In this paper, we propose to construct
correlation matrix to enhance embedding information for recommendation. Specifically, we
capture the latent factors of users and items accurately through the aggregation operation
and attention network, and construct the correlation matrix between embeddings through
the outer product. We propose a self-attention learning network to learn the local and global
dependencies between embedded dimensions, enhance important information and eliminate
noise interference. Experimental studies on four real datasets show that our method is supe-
rior to some of the most advanced methods.

Keywords: recommender system, matrix factorization, outer product , self-attention mech-
anism

1. INTRODUCTION

In the era of data flood growth, people not only enjoy the benefits of data, but also
face the dilemma of information overload. At present, recommendation system has be-
come a typical paradigm of information push, which can effectively alleviate the problem
of information overload. As a key technology of recommendation algorithm, collabora-
tive filtering algorithm based on matrix factorization (MF) [1] has been favored by aca-
demics and industries for its high accuracy and easy extensibility.

Despite MF is effective and has spawned many subsequent models, however, recent
advances [2, 3, 4] have shown the inherent limitations of using a fixed, data-independent
inner product to model user-item interactions in MF-based recommendation tasks. The
reasons are as follows: (1) Inner product only combines user latent vector and item latent
vector linearly, without considering the correlation between embedded dimensions. (2) It
essentially assumes that the dimensions of the embedded space are independent of each
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other and contribute equally to the final prediction. This assumption is unrealistic because
embedded dimensions can be interpreted as certain characteristics of users and items [5]
and are not independent in the real world.

In recent years, in order to maximize the effectiveness of user and item embedded
interaction, many researchers are trying to build more reasonable and effective interac-
tion functions to improve the performance of recommendations. For example, X.HE et
al. proposed the NCF model [3], which combines user embedding and item embedding
through concatenation and uses MLP to learn their interaction relationship. Y.H et al.
proposed HopRec model [6], which constructed the affiliated matrix by using the outer
product, and integrated it into MF to realize the final prediction. Although these methods
have achieved some success, there are still some problems that limit the improvement
of recommendation performance. Specifically, the NCF does not consider the seman-
tic relationship between embedded dimensions, while HOPREC considers the complex
relationship between embedded dimensions, however, it is a linear model in nature and
assumes that all relationships are useful for the final prediction with equal contributions.
HOPREC is too ideal and does not consider the impact of noise. To this end, in our
previous work, we proposed a CADNCF [4] model that took into account the pairwise
correlations between embedded dimensions by constructing a two-dimensional correla-
tion matrix, and achieved good recommendation performance. Nevertheless, CADNCF
also suffers from the dilemma of losing the structural characteristics of users and items
and cannot jointly process information from different representation subspaces.

In this paper, in order to advance our preliminary work, we propose using Outer
Product to Enhance Correlation Information of embedding dimensions for recommenda-
tion, referred to as OPECI. First, we jointly capture interactions and opinions to obtain
user’s embedding and item’s embedding, respectively, through aggregation operations
and attention mechanism. Then, we adopt the outer product between user latent factors
and item latent factors to model the complex relationship between them. Finally, we use
the multi-head self-attention mechanism to process the information of different represen-
tation subspaces, and provide these information to multi-layer perceptron to realize the
final prediction.

Our main contributions are as follows:

• We design a nonlinear aggregation layer with attention mechanism to learn user
and item latent factors. Simultaneously, we innovatively proposed to represent the
user’s opinion on the item as a learnable vector and inject it into the latent factors
of the user and the item.

• We use the outer product to construct the correlation matrix between different di-
mensions of user and item latent factors to enhance the semantic representation of
the model, and creatively propose to use multi-head attention mechanism on the
correlation matrix to capture high-order dependencies from local to global in mul-
tiple different representation subspaces.

• We conducted extensive experiments on four publicly available datasets for recom-
mendation tasks to verify the validity and rationality of our model. Results show
that the performance of our method is better than some existing collaborative filter-
ing methods based on inner product or concatenation as interaction.
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2. PRELIMINARIES AND RELATED WORKS

2.1 Preliminaries

In a recommendation task, let R ∈RM×N represent the user’s rating matrix, M and N
are the number of users and items. Ri j is an entity in R, denote the rating of user i on an
item j. we construct the user-item interaction matrix Y ∈ RM×N from R as follows [4]:

Yi j =

{
Ri j, if a user i rating an item j
0, otherwise

(1)

In this paper, Let Y+ = {< i, j > |ri j 6= 0} represents the set of rated items known to
the user, which are called positive samples. Y− = {< i, j > |ri j = 0} indicates that the
set of items not rated by users are called negative samples. We use Y−sampled denotes the
set of negative samples after downsampling in the training, which is formally defined as
Y−sampled ← sampleratio∗‖Y+‖ from Y−.

Similar to literature [4], we devoted ourselves to the task of recommendation ranking,
and adopt the latent factor model (LFM) to generate all the scores as follows.

Ŷi j = FLFM(ui,v j|Θ) (2)

here Θ and Ŷi j represent all parameters of the model and the predicted score, respectively.
Most existing recommendation systems based on LFM applied the inner product as map
function to predict score Ŷi j [7]. In this paper, we also use the latent factor model, but
instead of the inner product, we use the outer product to model the interaction between
user embedding and item embedding. The equations for inner product and outer product
are shown below.

p�q = p1q1 + p2q2 + ....+ pkqk (3)

p⊗q =

p1q1 p1q2 · · · p1qk−1 p1qk

· · · · · ·
. . . · · · · · ·

pkq1 pkq2 · · · pkqk−1 pkqk

 (4)

Where p = [p1, p2, p3, ..., pk] and q = [q1,q2,q3, ...,qk] are row vectors whose dimensions
are k.

2.2 Related Works

Recently, deep learning, with its incredible representation learning abilities, has
made great progress in both the industrial and academic fields. Some recent studies have
integrated deep neural networks into recommender systems and achieved promising re-
sults. Such as Xue et al. proposed a novel model DMF [8], in which two densely low-
dimensional vectors are learned through a deep neural network as the representations for
the users and items. He et al. proposed a neural based CF model [3], he proposed the best
user-item interaction function is learned from data. To alleviate the problems of cold start
and data sparsity, some researchers have introduced users’ social information, comment
information and other auxiliary information as effective supplements, have achieved satis-
factory results. Jamali et al. proposed a social MF [9] model, which utilizes user’s social
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relationships to infer the preferences of the user. Zhang et al. proposed a JRL framework
[10], in this model, the representations of the users and item features are jointly learned
with the help of multiple types of data (review texts, product images, and ratings).

Attention mechanism is a powerful technique for focusing on and extracting impor-
tant information. Especially in the fields of NLP and CV, the application of attention
mechanism is more common and effective. At present, it has become a consensus to use
attention machine in recommendation model to extract useful information for final predic-
tion. For example, Xiao et al. proposed an attentional factorization machines (AFM) [11],
they suggest that not all feature interactions are useful for the final prediction, and atten-
tion mechanisms need to be used to extract important features. Li et al. designed a
co-attention mechanism ANSR [12] used for social recommendation, this model can de-
termine the influence of different friends adaptively by using the co-attention mechanism.
In a word, it is proved by facts that the use of attention mechanism can effectively improve
the performance of the recommendation system.

Although the previous work has made remarkable achievements, little attention has
been paid to the influence of correlation between embedded dimensions on recommenda-
tion performance. In this paper, we propose to encode the pairwise relationship between
the embedded dimensions by using the outer product operation to enhance the seman-
tic information between the embedded dimensions, so as to help the model extract the
high-order correlation between the embedded dimensions.

3. PROPOSED METHODS

In this section, we introduce the components of our model in detail and illustrate the
motivation of our method.

3.1 Overall Framework

The overall framework of the model is shown in Figure 1, which consists of four
components, followed described in detail.

User and Item representation modeling In this module,we design two types of
aggregations to learn user and item latent factors, Specifically, for user modeling, we
aggregate the items that user ui has interacted with and consider the user opinions on
these items to learn user latent factors, the mathematical representation is as follows.

hi = δ (WU ·F({xia,∀a ∈ N(i)})+b) (5)

where N(i) represents the set of items that the user ui has interacted with, xia is a repre-
sentation vector to denote opinion-aware interaction between ui and an item va , and F is
the items aggregation function, δ denotes non-linear activation function , and WU and b
are the weight and bias of a neural network.

Users’ explicit opinions on items (or ratings R) are particularly useful in the inter-
action between them. They can be used to capture users’ preferences on items, helping
to model the latent factors of users. To model opinions, we represent the rating that user
interacted item as a learnable embedding vector. let r ∈ R|R| be the one-hot vector that
denote one type opinions of the user on the item. R = {1,2,3,4,5} represents the set of
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Fig. 1. The overall framework of the model consists of four parts: User and Item representation
modeling, Correlation Matrix, Multi-Head Self-Attention module and Prediction Layer.

all opinions of the user. We introduce a user opinions embedding matrix Er ∈ R|R|×d that
can maps a one-hot vector r into an embedded space representation er. Its calculation can
be expressed as:

er = ET
r r (6)

where er ∈ Rd , the matrix Er is randomly initialized during the training process of the
model and obtained through joint learning. For an interaction where user ui has an r score
with item va, we model xia as a combination of opinion embedding er and item embedding
qa via the elements-wise product.

xia = er�qa (7)

For aggregation function F , a straightforward method is the mean operator, which
assumes that all items that user ui interacted with contribute equally to model user pref-
erence. Intuitively, however, this is not the best solution because the impact of each
interaction on the user can vary greatly. Inspired by attention mechanisms, it makes sense
to assign a adaptive weight to each interaction to allow the interaction to contribute dif-
ferently to the user’s latent factors. Then, user ui latent factors can be formalized as:

hi = δ (WU ·
{

∑a∈N(i) αiaxia
}
+b) (8)

where, αia denotes the attention weight, it represents the extent to which the current in-
teraction with va contributes to model user ui preferences. In order to get the weight
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adaptively, we use the neural network with two layers as the attention network to param-
eterize the weight αia. Formally, the attention network is defined as:

α
∗
ia =W2 ·δ (W1 · [xia⊕ pi]+b1)+b2 (9)

where, ⊕ denote concatenation, pi is the target user ui’s embedding. Softmax function is
used to normalize the attention score and finally obtain the contribution weight of each
interaction. Its form is as follows:

αia =
exp(α∗ia)

∑a∈N(i) exp(α∗ia)
(10)

When modeling an item, likewise, we use a similar method as learning user latent
factors. For each item v j latent factors learning, we aggregate information from the set
C( j), which are the users who have interacted with item v j. We still use the attention
mechanism to learn the extent to which different interactive users contribute to the capture
of item features. f jt denotes an opinion-aware interaction representation of user ut on item
v j , as shown as follows:

f jt = er� pt (11)

Then, an item v j’s latent factors z j can be learned by follows:

z j = δ (WV ·
{

∑t∈C( j) β jt f jt
}
+b) (12)

β
∗
jt =W2 ·δ (W1 · [ f jt ⊕q j]+b1)+b2 (13)

β jt =
exp(β ∗jt)

∑t∈C( j) exp(β ∗jt)
(14)

In the above formulas, β jt is the attention weight of user ut for modeling item v j, q j is
embedding of item v j.

Correlation Matrix Through the presentation modeling module of user and item, we
obtained the latent factor matrix H ∈ RM×d and Z ∈ RN×d of user and item respectively.
hi is the i-th row of H, denotes user ui’s latent factors. Similarly, z j denotes item v j’s latent
factors. As same as CADNCF, we also use the outer product on hi and z j to construct their
correlation matrix M [4].

M = hi⊗ z j = hizT
j (15)

where M ∈ Rd×d , we term it as correlation matrix. We believe that the method using
correlation matrix M has the following advantages: (1) the method considers the correla-
tion between different embeddings and contains richer coding information than the inner
product method; (2) It is richer and more reasonable in expressing interactive relations
and semantics; (3) It is a generalization of the inner product, because the inner product
considers only the diagonal elements in the correlation matrix.

Multi-Head Self-Attention Module Inspired by the promising potential of self-
attention mechanism in data correlation learning. We build a multi-head self-attention
learning module, which allows the latent factors of user and item to interact with each
other, and identifies the most informative correlation signals between different interactive
behaviors. In addition, considering that the interactions between different dimensions
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can be related in complex ways, the multi-head learning strategy enables the behavior-
dependent encoder to jointly process information from different representation subspaces.
In our work, in order to stabilize the gradient, we use scaled dot product attention [13] for
each h-th header, and define the query Qh, key Kh, and value Vh transformation matrix as
follows:

Qh = sigmoid(M×W Q
h );Kh = sigmoid(M×W K

h );Vh = sigmoid(M×WV
h ) (16)

where, W Q
h ∈ Rd×dk ,W K

h ∈ Rd×dk ,WV
h ∈ Rd×dV are h-th header projection matrix. The

output of the h-th head attention component is Oh, it is a new representation of the cor-
relation matrix M, which fully considers the importance and relevance of different data
values.

Oh = so f tmax(
Qh×KT

h√
dk

)Vh (17)

In order for the model to capture complex and rich semantic information and to allow it
to focus on information from different representation subspaces at different locations, we
connect the self-attention output of each head to learn the final multi-head representation
as follows:

O =Concate(O1, · · · ,OH)W o (18)

where W o ∈ RHdv×d , O ∈ Rd×d .
Prediction Layer We use this layer to predict the probability of user ui clicking

the item v j. It is essentially a logistic regression problem. We use a MLP to learn the
distribution of interaction probability between users and items from the data.

ŷui = MLP( f latten(O)) (19)

3.2 Model Training

We use a point-wise ranking based loss function to optimize models, which is widely
used in recommendation system [8].

L =− ∑
(i, j)∈Y+∪Y−

(
Yi j

max(Y )
logŶi j +(1−

Yi j

max(Y )
log(1− Ŷi j)) (20)

In our work, the max(Y ) is 5, denoting the max score in all ratings. we describe the
detailed training process of model parameters in Algorithm 1.

4. EXPERIMENTS

In this section, we compare OPECI with baseline methods to verify the efficacy of
the model.

4.1 Experiment Settings

4.1.1 Datasets and Evaluation for Recommendation

Datasets We select four benchmark datasets from the recommended tasks as data
sources for our model performance tests, which are MovileLens100K (ML 100K),
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Algorithm 1 Training Algorithm
Require:

R : original rating matrix ;
neg ratio : Negative sampling ratio ;
max epoch : Maximum number of training iterations ;

Ensure:
WU : The weight matrix for U
WV : The weight matrix for V

1: Initialize parameters:
λ , lr, use Xavier’s initial initialize WU and WV , initialize W Q

h ,W K
h ,WV

h with Gaus-
sian distribution;

set Y ← use Equation (1) with R;
set Y+← all observed interactions in Y ;
set Y−← all unobserved interactions in Y ;
set Y−sample← sample neg ratio∗‖Y+‖ interactions from Y−;
set D← Y+∪Y−sample;

2: for epoch in range(0,max epoch) do
3: Sample mini-bath size user-item pairs B from D;
4: for each interaction of user ui and item v j in B do
5: set hi ,z j ← use Equation(8) and (12)
6: set M← use Equation (15) with input hi , z j ;
7: set Oh← use use Equation (17) with input Qh , Kh and Vh ;
8: set O← use use Equation (18)
9: set Ŷui← use Equation (19) with input Z;

10: set L← use Equation (20) with input Ŷui,Yi j;
11: use Adaptive Moment Estimation(Adam) optimizer to optimize model parame-

ters
12: end for
13: end for

MovileLens1M (ML 1M), Yelp and Filmtrust. In Table 1 we present the statistics of
the four datasets.

Evaluation for Recommendation The Hit Ratio (HR) and Normalized Discounted
Cumulative Gain (NDCG) [14, 15] are used as the metrics to evaluate the performance of
the model. In this paper, we set the N for HR@N and NDCG@N to 10. The following
are their definition.

NDCG@N = ZN

N

∑
i=1

2ri −1
log2(i+1)

(21)

HR@N =
Numbervo f Hits@N

|GT |
(22)

where ri represents the hierarchical relevance at position i and ZN is the normalized coeffi-
cient. NumberofHits@N is the number of test instances that appear in the top N positions,
and |GT | means the number of all the test instances.
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Table 1. Statistics of the four Datasets
Data set ML 100K ML 1M Yelp Filmtrust
users# 944 6,040 25,815 1,508
items# 1,683 3,760 25,677 2,071

ratings# 100,000 1,000,209 730,791 35,497
Rating Density 0.0063 0.0447 0.0011 0.0114

4.1.2 Detailed Implementation

When determining the hyper-parameters of the OPECI model, following the method
adopted by Xue [8] and He [3], we initialized WU ,WV with Xavier initial value, and for
WQ,WK ,WV , we initialized them with random samples from a Gaussian distribution. we
employed the mini-batch optimization strategy to speed up the learning speed and used
the Adam optimizer to update and optimize the parameters with learning rate among
[0.001, 0.005, 0.01, 0.05, 0.1]. The mini-batch size was tuned 256. In order to suppress
overfitting, Batch Normalization (BN) layer was inserted into the network to standardize
the data distribution, add regularization as penalty item and set its parameter to 0.001.

Table 2. Top-10 recommendation performance comparison of different methods
Datasets Metric BPR DMF ItemPop NCF CML CADNCF OPECI

ML 100K
HR 0.597 0.687 0.406 0.670 0.682 0.751 0.774
NDCG 0.352 0.409 0.231 0.395 0.417 0.428 0.441

ML 1M
HR 0.688 0.720 0.450 0.732 0.722 0.773 0.786
NDCG 0.421 0.442 0.252 0.451 0.453 0.464 0.479

Yelp
HR 0.282 0.292 0.115 0.296 0.283 0.298 0.304
NDCG 0.145 0.152 0.051 0.154 0.146 0.153 0.159

Filmtrust
HR 0.627 0.780 0.523 0.739 0.604 0.786 0.812
NDCG 0.553 0.623 0.432 0.612 0.548 0.647 0.668

4.2 Performance Comparison

To show the effectiveness of our model , we compare our method with the base-
line methods in the recommendation system and the state-of-the-art deep learning based
methods which are shown as following.

• BPR This is a probabilistic recommendation model based on MF, which adopts
Bayesian posterior optimization and is the benchmark method in the recommenda-
tion system [16].

• DMF This model uses a two-way deep neural network to learn the latent repre-
sentations of users and items respectively, using inner product as the interaction
function.

• ItemPop It is a baseline method in in personalized recommendation , which ranks
the items by the number of interactions with users and their popularity degree.
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• NCF It uses deep neural networks to learn interaction functions from data instead
of using inner product [3], which represents the state-the-art neural CF method.

• CML This is a metric space-based CF algorithm whose basic intuition is to mini-
mize the distance of each user-item interaction in Euclidean space.

• CADNCF This is our previous model, which model the pairwise correlations be-
tween embedding dimensions for recommendation.

(a) ML 100K (b) ML 1M

(c) Yelp (d) Filmtrust

Fig. 2. NDCG@10 performance comparison for each epoch when OPECI applied inner product
and outer product as interaction functions respectively on four datasets

It can be clearly observed from Table 2 that, in general, OPECI has the best per-
formance for both HR and NDCG evaluation on the four datasets, and beat MF based
baselines by a large margin. Besides, we can observe that our OPECI model and previ-
ous model CADNCF are always superior to other approaches. These phenomena indicate
that explicit modeling of the correlations of embedding dimensions is effective for subse-
quent hidden layer learning. From the specific quantitative results, compared with the two
traditional MF algorithms BPR and ItemPop, OPECI has achieved a significant improve-
ment in HR and NDCG, with an average increase of 57.95% and 64.28%, respectively.
Compared with the other three state-of-the-art neural network-based models(CADNCF
excluded), the performance of this approach in HR and NDCG improved by an average
of 10.64% and 8.07%, respectively. Compared with our previous CADNCF model, the
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(a) ML 100K (b) ML 1M

(c) Yelp (d) Filmtrust

Fig. 3. The effect of the nonlinear aggregation layer with attention on NDCG@10 in four datasets

performance of OPECI model improved by 2.43% and 3.20% on average, respectively,
which demonstrate the effectiveness of our proposed method.

4.3 Comparison of Ablation Experiments

Due to space limitation, for the following two studies, we only show the results of
NDCG, and another HR’s performance test results on four datasets conform to the same
trend, so they are omitted.

4.3.1 Efficacy of Outer Product

To show the efficacy caused by the outer product, we replace it with the inner in our
model. It should be noted that in order to apply the output results of the inner product
to the model, we deformed the inner product output into a 2-D matrix and fed it to the
attention neural network. In figure 2, we record their performance in each epoch. It can be
observed from the figure 2 that OPECI with outer product has better NDCG performance
than inner product on all four datasets. The results show that the outer product can well
simulate the correlation between different embedding dimensions. It proves the rationality
of applying the outer product to learn more comprehensive correlation.
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4.3.2 Efficacy of Aggregation Layer With Attention

In order to better demonstrate the effect of the proposed model on the aggregation
layer with attention mechanism in modeling the latent factors of user and item, We further
conducted a comparative evaluation at the aggregation layer. Specifically, in the process
of aggregation, we respectively eliminate the attention mechanism of the item, the atten-
tion mechanism of the user and the attention mechanism of the user and the item, and
these three variants are denoted as OPECI-I, OPECI-U and OPECI-IU. These variants
employ the mean-based aggregation function for modeling user and item latent factors.
The results of OPECI and different variants are shown in the figure 3. From the results,
we find that not all interacted items of a user contribute equally to the user’s latent fac-
tors, and the learning of the latent factors of an item is the same, not all interacted users
have the same contribution. The results from Figure 3 show that OPECI performs out-
perform the other three variants. These results demonstrate the benefits of the nonlinear
aggregation layer with attentional mechanism in our model.

Table 3. Results for Models with different negative sampling ratio
n-2 n-4 n-6 n-8 n-10

ML 100K
HR 0.757 0.764 0.774 0.769 0.761
NDCG 0.419 0.427 0.441 0.436 0.422

ML 1M
HR 0.761 0.772 0.780 0.786 0.782
NDCG 0.450 0.458 0.465 0.479 0.461

Yelp
HR 0.258 0.279 0.294 0.304 0.298
NDCG 0.143 0.151 0.153 0.159 0.156

Filmtrust
HR 0.789 0.806 0.812 0.803 0.798
NDCG 0.653 0.665 0.668 0.661 0.659

(a) HR@10 (b) NDCG@10

Fig. 4. The HR and NDCG results of our model with different Embedding size in four datasets
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4.4 Sensitivity of Hyper-Parameters

4.4.1 Negative Sampling Ratio

In order to better train the model, as shown in Algorithm 1, we take some negative
instances from data that have never been observed for training. In this experiment, we
use different negative sampling ratios to observe changes in recommended performance
(e.g. n-4 means the negative sampling ratio is 4). Table 3 records the performance under
different negative sampling ratios. It can be found that for ML 1M and Yelp datasets, the
optimal negative sampling ratio are 8, for the other two datasets are 6.

4.4.2 Factors in Embeddings Size

In the process of user and item implicit factor modeling, the size of embedding di-
mension is very important to the semantic representation of feature correlation matrix,
and it is an important factor to determine the model performance. Being too small is
not enough to enhance the representation of information, and being too large is likely to
introduce too much noise. We set its size to [8, 16, 32, 64, 128], and the difference in
its performance across the for datasets is shown in the figure 4. For ML 100k ,Yelp, and
Filmtrust, when the final embedding size is 64, our model achieves optimal performance,
but, for ML 1M, the best size is 32.

5. CONCLUSION

In this study, we discuss how to enhance the correlation information between user
embedding and item embedding dimensions based on outer product to realize recommen-
dation. Specifically, we propose the OPECI model, which fully considers the more com-
prehensive and complex inter correlation between user’s latent features and item’s latent
features. In order to capture important correlation information with dependent relation-
ships, the model introduces a multi-head self-attention learning mechanism to enhance the
representation ability of information in multiple subspaces. Experimental results on four
datasets show that OPECI performs better than other models in recommendation tasks.
In the future research, we will explore the content perception ability of the model and
use more auxiliary information, such as the user’s demographic information, social infor-
mation, location information and comment information, to improve the recommendation
performance.
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